Lecture 5 Polynomial Approximation

>Polynomial Interpolation
>Example
>[1mitation

>Polynomial Approximation (fitting)
>Line fitting
>Quadratic curve fitting
>Polynomial fitting

HERE



Interpolation Vs approximation

» An interpolating polynomial is expected to satisfy all
constraints of paired data

» An interpolating polynomial is unable to retrieve an original
target function when noise paired data are provided

» For noise paired data, the goal of polynomial fitting is
revised to minimize the mean square approximating error
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Polynomial approximation

Given paired data, (x,y.), I=1,...,n,

the approximating polynomial is required
to minimize the mean square error of
approximating y: by f(x:)

E=— > (1(x)- %)

I=1
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Polynomial fitting

fstr=input(‘input a function:
X.~2+cos(x) :','s");
f=inline(fstr);
x=linspace(-2*pi,2*pi);
y=f(x); plot(x,y); hold on;
N=100;
x=rand(1,N)*2*2*pi-2*pi;
ns=rand(1,N)*0.1-0.05;
y=f(x)+ns;

plot(x,y,".");
m=input('polynomial degree:");
p=polyfit(x,y,m)
y_hat=polyval(p,x);
E=mean((y_hat-y)."2)

z=linspace(-2*pi,2*pi);
z_hat=polyval(p,x);
plot(z,z_hat,'r") HiEs* Z



Line fitting

Minimizaing the mean square
approximating error

E(a,b) = %E (ax, +b-y,)’
=1

y=ax+b
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Line fitting

>> fald_polyfit

input a function: x.~2+cos(x) :x+5
keyin sample size:300

polynomial degree:1

E =

Red:
Approximating polynomial

8.3252e-004
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Line fitting

>> fald_polyfit

input a function: x.~2+cos(x) :3*x+1/2
keyin sample size:30

polynomial degree:1

E =
Red:

0.0010 Approximating polynomial
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Objective function I

Line fitting

1 n
El(e) = ELine-ﬁtting (aﬂb) = 772(&)(/ T b_ M)z
I=1

y=ax+b
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E, is a quadratic function of a and b
Setting derivatives of E; to zero leads to

1 n
Line-fitting (a,b) =— E (ax;, +b -y, )2

n 3

HERE 9



dE;
a0

dE

E,@®)=E

dE,
da

1 n
Line-fitting (a,b) =— z (ax; +b-y i)2

n 3
=0

22 n

= (axi'l'b_yi)xi:()

N “

n

—E(ax +b-y,)=0
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di —E(ax +b-y)x, =0

dE 2 L
ax;, + b — 0
Ty ( Vi) =

l_

z(axiz +bx; - y,x;) =0

N (ax, +b-y,) =0

[ n n n h
2
2xia+2xib=2xiyi
= = =
n n

=
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[ n n n A
2
Exl.a+2xib=2xl.yi
=1 I= I=
n n
Exia+nb=2yi
| =1 i=1

(& A n J \
izlxiz iZIXi (a) izlxiyi

=17
& e
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Objective function II

Quadratic polynomial fitting

E,0)=E (a,b,c)

QuadraticCurveFitting

1 n
= —E(ale.2 +bx. +c—-y,)°
n =

2
y=ax" +bx+c
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E, are quadratic
Setting derivatives of E, to zero leads to
a linear system

E,0)=E (a,b,c)

QuadraticCurveFitting

1 n
= —E(ale.2 +bx. +c—-y,)°
n =

HERE
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1 n

EZ (6) = EQuadraticCurveFitting (aﬂ b9 C) = ; . (axiz + bxi tC- yi)2
dE, 0
do
CZEz = gz(axl.z +bx, +c-y,)x’ =0

a n4
CZ; _Z2 (ax? +bx, +c—y,)x, =0

n&

%=gz(axi2 +bx, +c—-y,)=0

c n

=1
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[ % )

(ax? +bx, +c-y,)x} =0
|

~ER

E(axl.2 +bx, +c—-y,)x, =0

=1

2 _ noo \
| £ (ax; +bx; +c=y,)=0 / (E(axl.4+bxl.3+cxl.2—yl.xl.2)=0
|

S Il

]

S Il

2 (ax] +bx’ +cx, — y.x,) =0

E(axl.2+bxi+c—yi)=0
\ =1
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noo )
(E (ax,* +bx] +cx) - yx) =0
i=1

n

3 2
E (ax; +bx; +cx, —y,x,)=0
i=1

E(axi2+bxl.+c—y,.)=0

\ =l //iaxf+ibxi3+§cxf=iyixiz\
. - =1 '
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/n n n n \

4 3 2 2
Eaxi +2bxl. +Ecxl. =Eyl.xl.
=] I= =]

=1

n n n n
3 2
Eaxl. + bel. + Ecxl. = Eyl.xl.

i=1

S

n n

2axf+2bxi +nc=>» y,
\ i= i= i= /n

HERE




(2)6;1 ix;s ix?\ /iyix'
= i= I= a i=
lef lez gxi [lc?] = Zyixi

\ X7 \ X, N jyi

A(1,1)=sum(x.™4);
A(1,2)=sum(x.”3);A(2,1)=A(1,2);
A(1,3)=sum(x.”2);A(3,1)=A(1,3);
A(2,2)=A(3,1);
A(2,3)=sum(x);A(3,2)=A(2,3);
A(3,3)=length(x);d(1)=sum(y.*(x.”2))

|.3.;inv(A)*d'




Quadratic polynomial fitting

Minimization of an approximating error

1 n
E(a,b,c) ==y (ax] +bx, +c~y,)’
n “=

2
yv=ax +bx+c

HERE



Quadratic poly fitting

input a function: x.~2+cos(x) :3*x.N2-2*x+1
keyin sample size:20
polynomial degree:2
E =

6.7774e-004
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Data driven polynomial approximation

Minimization of Mean square error (mse)

Data driven polynomial approximation
=if : a polynomial p_,
~ Polynomial degree m is less than data size n

] & )
E=;Z(pm(xi)—y,-)

HERE
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Special case: polynomial interpolation

[ ¢ :
E =;i21(pm(xi)_yi)

E=0 = y =p (x;) foralli

HERE



POLYFIT: Fit polynomial to data

» polyfit(x,y,m)
~'X : Input vectors or predictors
"'y : desired outputs
“'m : degree of interpolating polynomial

» Use m to prevent from over-fitting
» Tolerance to noise

HERE
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POLYFIT: Fit polynomial to data

A polynomial determined

P=poly([-4 0 3]); n=20;m=3; by zeros in [-4,0,3]

x=rand(1,20)*10-5;

y=polyval(P,x); : :
nois=rand(1,20)*0.5-0.25; ARG Inlisipeiig

plot(x,y+nois, 'ro"); polynomial

v=linspace(min(x),max(x));
p=polyfit(x,y+nois,m);hold on;
blot(v,polyval(p,v),'k");

HERE



Non-polynomial

» Sin

fx=inline('sin(x)"); n=20;m=3

x=rand(1,n)*10-5;
y=fx(x);
nois=rand(1,n)*0.5-0.25;
plot(x,y+nois, 'ro');hold on

HERE 27



Under-fitting

m=3

v=linspace(min(x),max(x));
p=polyfit(x,y+nois,m);hold on;
plot(v,polyval(p,v), k’);

Under-fitting due to approximating non-polynomial by low-
degree polynomials

BERE 28



Intolerant mse

>> mean((polyval(p,x)-(y+nois)).”2)
ans =

0.0898

Under-fitting causes intolerant mean square error
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Under-fitting

m=4; 2\
v=linspace(min(x),max(x)); M ~7 4
p=polyfit(x,y+nois,m);hold on;
plot(v,polyval(p,v), 'b");




Fitting non-polynomial
>> fald_polyfit
input a function: x.”~2+cos(x) :sin(x)

keyin sample size:50
polynomial degree:5

Ei=

0.0365
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Fitting non-polynomial
>> fald_polyfit
input a function: x.~2+cos(x) :tanh(x+2)+sech(x)

keyin sample size:30
polynomial degree:5

E =

0.0097
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