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Nonlinear Transformation 
Reconstruction 

Learning nonlinear transformation

Least Square Method
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x=rand(400,2); 
z(:,1) = 2*x(:,1)+x(:,2)-1;  
z(:,2)=x(:,1)-x(:,2)+1; 
a(1,: )=gradient_descent(x,z(:,1 )) 
a(2,: )=gradient_descent(x,z(:,2 ))
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function a=gradient_descent(x,y) 
max_loop=2000; 
[N,d]=size(x); 
X=[x ones(N,1)]; 
a=rand(1,d+1); hc=0; c=0.1;e=y-X*a'; 
E=100; loop=1; 
while ~hc 
    G=mean(X.*(e*ones(1,d+1))); 
    a_new=a-c*G; 
    y_hat=X*a_new'; 
    e_new=y_hat-y; 
    E_new=mean(e_new.^2); 
    if mod(loop,100)==0 
    fprintf('loop %d  mse %f\n',loop,E_new); 
    end 
    if E_new < E & loop < max_loop  
        a=a_new;e=e_new; 
        E=E_new; 
    else 
        hc=1; 
    end 
    loop=loop+1; 
end

Learning a linear relation
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x1

x2 ∑
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Two linear relations

! Two-input-two-output  
! Revise the flow chart  
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z(:,1) = 2*x(:,1)+x(:,2)-1; 
z(:,2)=x(:,1)-x(:,2)+1; 
a=gradient_descent(x,z ); 
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Vector Form of gradients
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Gradient descent method

! Updating
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∇(a) = dE(a)
da

a← a−λ∇(a)



Learning many linear relations

7

1.  One linear relation 
2.  Multiple input single 

output

error, e,  is 
a column 
vector

1.  Many linear relations 
2.  Multiple input 

multiple output

error matrix, e, 
contains two 
column vectors
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MIMO

! Two-input-two-output  
! Revise the flow chart  

8

z(:,1) = 2*x(:,1)+x(:,2)-1; 
z(:,2)=x(:,1)-x(:,2)+1; 
a=gradient_descent(x,z ); 
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Linear MIMO transformation
function a=gradient_descent_mimo(x,y)
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[N,d]=size(x); 
X=[x ones(N,1)]; 
a=rand(2,d+1); hc=0; c=0.01;e=y-X*a’ 
E=sum(mean(e.^2))

~hc

G= 
a_new=a-c*G 
y_hat=X*a_new’ 
e_new=y_hat-y 
E_new=mean(e_new.^2)

∇(a)if E < E_new 
  a=a_new;e=e_new 
  E=E_new 
else 
  hc=1; 
end 

exit

start

G=mean(X.*(e(:,1)*ones(1,d+1))); 
G=[G; mean(X.*(e(:,2)*ones(1,d+1)))];

1.  Many linear relations 
2.  Multiple input multiple output



! tanh based nonlinear relation
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Nonlinear Transformation
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y= tanh(xTa)
dy
da

=
d tanh(xTa)

da
= (1− tanh2(xTa))x

1

x1

x2 ∑ tanh
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Two tanh based nonlinear relations
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z(:,1) = tanh( 2*x(:,1)+x(:,2)-1); 
z(:,2) = tanh(x(:,1)-x(:,2)+1);

z1
z2

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥
=

tanh(xTa1)

tanh(xTa2 )

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

x1

x2
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∑

∑ tanh
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tanh
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tanh
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Deep Neural Networks

Two Neurons 
Two neural elements



Adavanced Numerical Computation 
2008, AM NDHU 12

Learning two nonlinear relations
Minimize

E(a) = 1
2n

(tanh(xi
Ta j )−bji )

2

j=1

2

∑
i=1

n

∑
a 3x2 
matrix



Adavanced Numerical Computation 
2008, AM NDHU 13

Learning two nonlinear relations



Adavanced Numerical Computation 
2008, AM NDHU

Gradient descent method

! Updating

14

∇(a) = dE(a)
da

a← a−λ∇(a)



Adavanced Numerical Computation 
2008, AM NDHU

MIMO

! Two-input-two-output  
! Revise the flow chart  
! Execute

15

z(:,1) = tanh( 2*x(:,1)+x(:,2)-1); 
z(:,2) = tanh(x(:,1)-x(:,2)+1); 
a=gradient_descent_mimo(x,z); 
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error 
calculation

Learning 
two linear 
relations

Learning two 
non-linear 
relations

gardent 
calculation

y_hat 
calculation



Adavanced Numerical Computation 
2008, AM NDHU 17

Learning two nonlinear relations



Adavanced Numerical Computation 
2008, AM NDHU

Learning multiple nonlinear relations

function a=gradient_descent_mimo(x,y)

18

[N,d]=size(x); 
X=[x ones(N,1)]; 
a=rand(2,d+1); hc=0; e=y-tanh(X*a’) 
E=100; c=0.01;

~hc

G= 
a_new=a-c*G 
y_hat=tanh(X*a_new’)    
e_new=y_hat-y 
E_new=mean(e_new.^2)

∇(a)if E_new < E 
  a=a_new;e=e_new 
  E=E_new 
else 
  hc=1; 
end 

exit

start
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x1

x2
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∑ tanh
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tanh
<latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit><latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit><latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit><latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit>
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<latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit><latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit><latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit><latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit>

tanh
<latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit><latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit><latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit><latexit sha1_base64="vzRNJaOP7SYkGZK2LrN1iacBR+o=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKoMeiF48VbC20S8mm2W5okl2SrFCW/gUvHhTx6h/y5r8x3e5BWx8MPN6bYWZemApurOd9o8ra+sbmVnW7trO7t39QPzzqmiTTlHVoIhLdC4lhgivWsdwK1ks1IzIU7DGc3M79xyemDU/Ug52mLJBkrHjEKbGFRFQ8rDe8plcArxK/JA0o0R7WvwajhGaSKUsFMabve6kNcqItp4LNaoPMsJTQCRmzvqOKSGaCvLh1hs+cMsJRol0piwv190ROpDFTGbpOSWxslr25+J/Xz2x0HeRcpZllii4WRZnANsHzx/GIa0atmDpCqObuVkxjogm1Lp6aC8FffnmVdC+avtf07y8brZsyjiqcwCmcgw9X0II7aEMHKMTwDK/whiR6Qe/oY9FaQeXMMfwB+vwBKPCOTQ==</latexit>
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Deep Neural Networks

How to learn a deep neural network ?


