Least Square Method

*Transformation Reconstruction
[ .inear Transtformation
Nonlinear Transtformation

*Hyper-plane fitting
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z(:,1) = 2*x(:,1)+x(:,2)-1;
z(:,2)=x(:,1)-x(:,2)+1; :>
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z(:,1) = tanh(2*x(:,1)+x(:,2)-1);
z(:,2)=tanh(x(:,1)-x(:,2)+1);
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z(:,1) = tanh(2*x(:,1)+x(:,2)-1);
z(:,2)=tanh(x(:,1)-x(:,2)+1);
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Deep Linear-Nonlinear Transformation

Deep Neural Networks

[le = tanh | As tanh | Ao tanh | Ay

<2

[2] = tanh (An--~ tanh (AQ tanh (A1




Data Transformation

. |
:] —tanh | A |2




Data Transformation




Data Driven Learning

Given input data [:13[1] x|2] ... aj[NH

. |
[~1] =tanh | A |2
<2

iven output data [2[1] z|2] ... Z[NH




Deep Learning

Given input data [:13[1] x[Q] :B[NH >2

i
[2] = tanh (An- -+ tanh (AQ tanh (A1 x9 )))
. | '

FND Ay, As, ..., A,

iven output data [2[1] z|2] ... Z[NH



Problem: Learning Linear Transformation

x denotes a matrix of N-by-2
z denotes a matrix of N-by-2

Bs(A) = 5o 3 ||#1t] - 4

t

minimize FEg(A) with respect to A
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Problem: Learning NonLinear Transformation

x denotes a matrix of N-by-2
z denotes a matrix of N-by-2

Eg(A) = % S (21t = tann (A ﬁﬂ) |

t

minimize FEg(A) with respect to A
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Problem: Learning NonLinear Transformation

x denotes a matrix of N-by-2
z denotes a matrix of N-by-2

Eg(A) = % > |t — tanh (A ﬁﬂ) |

t

minimize FEg(A) with respect to A
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e The number of unknowns is less than the
constraint number

400 data points in R3 space

o Data point on a hyper-plane
Xq[tlatx;ltla; +az - y[t]= ¢,
Minimization of the mean square error

()
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Surface fitting
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Surface fitting
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Approximating function

e Dimensionality
One dimensional curve
High dimensional surface
Extremely high dimensional functions

e Linear functions, quadratic functions and
nonlinear functions
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Sampling

o A mapping from R?2to R
Paired data:

§ = {(X[tLy[tDIX(£] = (X[ 1], [ 1]), U 1] = Z[ 1]},
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Linear relation

o N=400, d=2
» General coordinate of points ([x;,X,],y)

e Linea relation
XjatXatasz=y

X1

a1 y

*2 82 z

ad

ad+1
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Hyper-plane fitting

e Nn=400, d=2
» General coordinate of points ([x,,X,],y)

e Linea relation
Xja,tX,a,tas=y

n=400, d>2

General coordinate of points
(X, X5, ., X4],Y)

Linea relation

X,a,+Xa,*... X a,ta =y
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Strategy | : Pseudo Inverse

Xa=>b

a =pinv(X)b




Strategy |lI: minimizing mean square error:
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Minimization
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Derivative
Minimize

E(a) = 1

2N

dE(a) i
aa,

J
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Vector Form

Minimize

2N

dE(a) 2

E(a)= L

A 2n-

E(XiTa_ bi)xi =0
=1
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Linear system: normal equations

dE(a) 2 x. .7
=— ) (x;a-b)x. =0
y T 3n 2 xahx

n n
T
= ) X; ax; = zbixi
=1 =1
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A= XT=(X1 X, Xn)
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Comparison

e d=2,n=100

d=2;n=100;
x=rand(d, n); y=rand(1,d)*x+2+rand(1, n)*0.1-0.05;

plot(x,y,".");
X=[x' ones(n,1)];

telapsed = toc(tstart)
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Hyper-plane fitting

Step 1. Input paired data, (x[t] , y[t]), t=1...n
Step 2. Form matrix X and vector b

Step 3. Set a to pinv(X)*b

Step 4. Setcto (x"x)"'X7b

Hyper-plane fitting
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>> n=30;S=rand(n,2);y=S*[1 2]'+1;
>> b=y;
>> X=[S ones(n,1)];

>> a=pinv(X)*b; c=inv(X"*X)*(X"*b);
>> sum(abs(a-c))

dnS =

1.0547e-015
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Vector Form

Minimize

E(a)= L

2N
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Gradient descent method

o Updatmc}; dE(a) 9
a 2n<

n
— l elxi G=mean(X.*(e*ones(1,d+1)))
n =1

a<—a-AV(a)
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Flow chart

qN,d]=size(x); A

X=[x ones(N,1)];

a=rand(1,d+1); hc=0; c=0.01;e=y-X*a’
@=mean(e.“2) )
. \ ~hc

\

function a=gradient_descent(x,y)

if E>E_new G= V(a)
a=a_new a_new=a-c*G
E=E_new ——y_hat=X*a_new’
e=e_new e _new=y_hat-y

else E_new=mean(e_new."2)
hc=1;

end
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Vector Form

Minimize

_ dE(a) dE(a)]
aa, aa,

= [li(x;ral . Qi)xi li(xiTaz - b2i)xi]
n i=1 n i=1

= l[i aX; i%ixi]
n i=1 i=1

AUAVdIriceua Nurmericdr Cormputdatorn
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Gradient descent method

o Updating

dE(a)

V(a)=

a<—a-AVv(a)
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o Two-input-two-output
o Revise the flow chart

e Execute twice

z(:,1) = 2*x(:,1)+x(:,2)-1;
z(:,2)=x(:,1)-x(:,2)+1;

a(1,: )=gradient_descent(x,z(:,1));
a(2,: )=gradient_descent(x,z(:,2 ));
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Flow chart

function a=gradient_descent(x,y)

qN,d]=size(x);
X=[x ones(N,1)];

a=rand(2,d+1); hc=0; c=0.01;e=y-X*a’
\ E=sum(mean(e."2))

~

)

\

if E<E_new
a=a_new,e=e_new
E=E new

else
hc=1;

end

G= V(a)

a_new=a-c*G
y_hat=X*a_new’

e _new=y hat-y
E_new=mean(e_new."2)
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