
Adavanced Numerical Computation 
2008, AM NDHU 1

•Transformation Reconstruction 
•Linear Transformation 
•Nonlinear Transformation 

•Hyper-plane fitting

Least Square Method
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z(:,1) = 2*x(:,1)+x(:,2)-1; 
z(:,2)=x(:,1)-x(:,2)+1; 

•Linear Transformation
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z(:,1) = tanh(2*x(:,1)+x(:,2)-1); 
z(:,2)=tanh(x(:,1)-x(:,2)+1); 

•Nonlinear Transformation
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z(:,1) = tanh(2*x(:,1)+x(:,2)-1); 
z(:,2)=tanh(x(:,1)-x(:,2)+1); 

•Nonlinear Transformation



5

Deep Linear-Nonlinear Transformation

Deep Neural Networks
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Data Transformation
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Data Transformation

⇥
z[1] z[2] . . . z[N ]

⇤
<latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit><latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit><latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit><latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit>

⇥
x[1] x[2] . . . x[N ]

⇤
<latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit><latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit><latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit><latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit>
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Data Driven Learning

⇥
z[1] z[2] . . . z[N ]

⇤
<latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit><latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit><latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit><latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit>

⇥
x[1] x[2] . . . x[N ]

⇤
<latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit><latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit><latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit><latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit>

Given input data 

Given output data 

FIND A
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Deep Learning

⇥
z[1] z[2] . . . z[N ]

⇤
<latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit><latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit><latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit><latexit sha1_base64="Bs2URclojz5LvosngdiiDrxRyB8=">AAACJ3icbVDLSsNAFJ34rPFVdelmsCiuSiKCXYngxpVUsA9IQplMburgZBJnJmIN/Rs3/oobQUV06Z84bYP4ujDM4ZxzufeeMONMacd5t6amZ2bn5isL9uLS8spqdW29rdJcUmjRlKeyGxIFnAloaaY5dDMJJAk5dMLL45HeuQapWCrO9SCDICF9wWJGiTZUr3roh9BnoggToiW7Gdq3nhvgHXzr7Y0+n0epVti/yklkuNMA2z6I6Mveq9acujMu/Be4Jaihspq96pMfpTRPQGjKiVKe62Q6KIjUjHIY2n6uICP0kvTBM1CQBFRQjO8c4m3DRDhOpXlC4zH7vaMgiVKDJDROs9+F+q2NyP80L9dxIyiYyHINgk4GxTnHOsWj0HDEJFDNBwYQKpnZFdMLIgnVJlrbhOD+PvkvaO/VXafunu3XjhplHBW0ibbQLnLRATpCJ6iJWoiiO/SAntGLdW89Wq/W28Q6ZZU9G+hHWR+fRpek7w==</latexit>

⇥
x[1] x[2] . . . x[N ]

⇤
<latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit><latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit><latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit><latexit sha1_base64="okGNqu/N1cOh2ruCGx3lYZso93c=">AAACJ3icbVBNS8NAEN34bfyKevSyWBRPJRHBnkTw4kkq2CokoWw2k3Zxs4m7G2kJ/Tde/CteBBXRo//EbQ2i1YFlH++9YWZelHOmtOu+W1PTM7Nz8wuL9tLyyuqas77RVlkhKbRoxjN5FREFnAloaaY5XOUSSBpxuIyuT0b65S1IxTJxoQc5hCnpCpYwSrShOs5REEGXiTJKiZasP7T7vhfiXdz390dfwONMKxzcFCQ23FmI7QBE/G3vODW37o4L/wVeBWqoqmbHeQrijBYpCE05Ucr33FyHJZGaUQ5DOygU5IReky74BgqSggrL8Z1DvGOYGCeZNE9oPGZ/dpQkVWqQRsZp9uupSW1E/qf5hU4aYclEXmgQ9GtQUnCsMzwKDcdMAtV8YAChkpldMe0RSag20domBG/y5L+gvV/33Lp3flA7blRxLKAttI32kIcO0TE6RU3UQhTdoQf0jF6se+vRerXevqxTVtWziX6V9fEJPLWk6Q==</latexit>

Given input data 

Given output data 

FIND A1, A2, . . . , An
<latexit sha1_base64="kxUlnj0WaZdqnQJVNQw/UZUxLjc=">AAACAnicbVBNS8MwGE7n16xfVU/ipTgED2O0Q3DHiRePE9wHbKWkabqFpUlJUmGU4sW/4sWDIl79Fd78N6ZbD7r5QMKT53lf3rxPkFAileN8G5W19Y3Nreq2ubO7t39gHR71JE8Fwl3EKReDAEpMCcNdRRTFg0RgGAcU94PpTeH3H7CQhLN7NUuwF8MxIxFBUGnJt07Maz9z87q+m3l9REOuZPFguW/VnIYzh71K3JLUQImOb32NQo7SGDOFKJRy6DqJ8jIoFEEU5+YolTiBaArHeKgpgzGWXjZfIbfPtRLaERf6MGXP1d8dGYylnMWBroyhmshlrxD/84apilpeRliSKszQYlCUUltxu8jDDonASNGZJhAJov9qowkUECmdmqlDcJdXXiW9ZsN1Gu7dZa3dKuOoglNwBi6AC65AG9yCDugCBB7BM3gFb8aT8WK8Gx+L0opR9hyDPzA+fwCeKpZE</latexit><latexit sha1_base64="kxUlnj0WaZdqnQJVNQw/UZUxLjc=">AAACAnicbVBNS8MwGE7n16xfVU/ipTgED2O0Q3DHiRePE9wHbKWkabqFpUlJUmGU4sW/4sWDIl79Fd78N6ZbD7r5QMKT53lf3rxPkFAileN8G5W19Y3Nreq2ubO7t39gHR71JE8Fwl3EKReDAEpMCcNdRRTFg0RgGAcU94PpTeH3H7CQhLN7NUuwF8MxIxFBUGnJt07Maz9z87q+m3l9REOuZPFguW/VnIYzh71K3JLUQImOb32NQo7SGDOFKJRy6DqJ8jIoFEEU5+YolTiBaArHeKgpgzGWXjZfIbfPtRLaERf6MGXP1d8dGYylnMWBroyhmshlrxD/84apilpeRliSKszQYlCUUltxu8jDDonASNGZJhAJov9qowkUECmdmqlDcJdXXiW9ZsN1Gu7dZa3dKuOoglNwBi6AC65AG9yCDugCBB7BM3gFb8aT8WK8Gx+L0opR9hyDPzA+fwCeKpZE</latexit><latexit sha1_base64="kxUlnj0WaZdqnQJVNQw/UZUxLjc=">AAACAnicbVBNS8MwGE7n16xfVU/ipTgED2O0Q3DHiRePE9wHbKWkabqFpUlJUmGU4sW/4sWDIl79Fd78N6ZbD7r5QMKT53lf3rxPkFAileN8G5W19Y3Nreq2ubO7t39gHR71JE8Fwl3EKReDAEpMCcNdRRTFg0RgGAcU94PpTeH3H7CQhLN7NUuwF8MxIxFBUGnJt07Maz9z87q+m3l9REOuZPFguW/VnIYzh71K3JLUQImOb32NQo7SGDOFKJRy6DqJ8jIoFEEU5+YolTiBaArHeKgpgzGWXjZfIbfPtRLaERf6MGXP1d8dGYylnMWBroyhmshlrxD/84apilpeRliSKszQYlCUUltxu8jDDonASNGZJhAJov9qowkUECmdmqlDcJdXXiW9ZsN1Gu7dZa3dKuOoglNwBi6AC65AG9yCDugCBB7BM3gFb8aT8WK8Gx+L0opR9hyDPzA+fwCeKpZE</latexit><latexit sha1_base64="kxUlnj0WaZdqnQJVNQw/UZUxLjc=">AAACAnicbVBNS8MwGE7n16xfVU/ipTgED2O0Q3DHiRePE9wHbKWkabqFpUlJUmGU4sW/4sWDIl79Fd78N6ZbD7r5QMKT53lf3rxPkFAileN8G5W19Y3Nreq2ubO7t39gHR71JE8Fwl3EKReDAEpMCcNdRRTFg0RgGAcU94PpTeH3H7CQhLN7NUuwF8MxIxFBUGnJt07Maz9z87q+m3l9REOuZPFguW/VnIYzh71K3JLUQImOb32NQo7SGDOFKJRy6DqJ8jIoFEEU5+YolTiBaArHeKgpgzGWXjZfIbfPtRLaERf6MGXP1d8dGYylnMWBroyhmshlrxD/84apilpeRliSKszQYlCUUltxu8jDDonASNGZJhAJov9qowkUECmdmqlDcJdXXiW9ZsN1Gu7dZa3dKuOoglNwBi6AC65AG9yCDugCBB7BM3gFb8aT8WK8Gx+L0opR9hyDPzA+fwCeKpZE</latexit>

n>2
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 x denotes a matrix of N-by-2
z denotes a matrix of N-by-2

ES(A) =
1

2N

X

t

����z[t]�A


x[t]
1

�����
2

<latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit>

minimize ES(A) with respect to A

<latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit><latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit><latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit><latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit>
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kx[t]k2 = x

T [t]x[t]
<latexit sha1_base64="qpOqZqiO6Qyqf2tF3D7+Iy5Gm8M=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0HQJuwGQRshaGMZIS/IbsLsZDYZMvtg5q4krPkGG3/FxkIRWys7/8bZJIUmHrhw5px7mXuPFwuuwLK+jdzK6tr6Rn6zsLW9s7tn7h80VJRIyuo0EpFseUQxwUNWBw6CtWLJSOAJ1vSGN5nfvGdS8SiswThmbkD6Ifc5JaClrnnmCOYDdh7wqA2uI3l/kL06aXmCr/Cok9YmWs+8rlm0StYUeJnYc1JEc1S75pfTi2gSsBCoIEq1bSsGNyUSOBVsUnASxWJCh6TP2pqGJGDKTacnTfCJVnrYj6SuEPBU/T2RkkCpceDpzoDAQC16mfif107Av3RTHsYJsJDOPvITgSHCWT64xyWjIMaaECq53hXTAZGEgk6xoEOwF09eJo1yybZK9t15sXI9jyOPjtAxOkU2ukAVdIuqqI4oekTP6BW9GU/Gi/FufMxac8Z85hD9gfH5A6IKnXE=</latexit><latexit sha1_base64="qpOqZqiO6Qyqf2tF3D7+Iy5Gm8M=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0HQJuwGQRshaGMZIS/IbsLsZDYZMvtg5q4krPkGG3/FxkIRWys7/8bZJIUmHrhw5px7mXuPFwuuwLK+jdzK6tr6Rn6zsLW9s7tn7h80VJRIyuo0EpFseUQxwUNWBw6CtWLJSOAJ1vSGN5nfvGdS8SiswThmbkD6Ifc5JaClrnnmCOYDdh7wqA2uI3l/kL06aXmCr/Cok9YmWs+8rlm0StYUeJnYc1JEc1S75pfTi2gSsBCoIEq1bSsGNyUSOBVsUnASxWJCh6TP2pqGJGDKTacnTfCJVnrYj6SuEPBU/T2RkkCpceDpzoDAQC16mfif107Av3RTHsYJsJDOPvITgSHCWT64xyWjIMaaECq53hXTAZGEgk6xoEOwF09eJo1yybZK9t15sXI9jyOPjtAxOkU2ukAVdIuqqI4oekTP6BW9GU/Gi/FufMxac8Z85hD9gfH5A6IKnXE=</latexit><latexit sha1_base64="qpOqZqiO6Qyqf2tF3D7+Iy5Gm8M=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0HQJuwGQRshaGMZIS/IbsLsZDYZMvtg5q4krPkGG3/FxkIRWys7/8bZJIUmHrhw5px7mXuPFwuuwLK+jdzK6tr6Rn6zsLW9s7tn7h80VJRIyuo0EpFseUQxwUNWBw6CtWLJSOAJ1vSGN5nfvGdS8SiswThmbkD6Ifc5JaClrnnmCOYDdh7wqA2uI3l/kL06aXmCr/Cok9YmWs+8rlm0StYUeJnYc1JEc1S75pfTi2gSsBCoIEq1bSsGNyUSOBVsUnASxWJCh6TP2pqGJGDKTacnTfCJVnrYj6SuEPBU/T2RkkCpceDpzoDAQC16mfif107Av3RTHsYJsJDOPvITgSHCWT64xyWjIMaaECq53hXTAZGEgk6xoEOwF09eJo1yybZK9t15sXI9jyOPjtAxOkU2ukAVdIuqqI4oekTP6BW9GU/Gi/FufMxac8Z85hD9gfH5A6IKnXE=</latexit><latexit sha1_base64="qpOqZqiO6Qyqf2tF3D7+Iy5Gm8M=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0HQJuwGQRshaGMZIS/IbsLsZDYZMvtg5q4krPkGG3/FxkIRWys7/8bZJIUmHrhw5px7mXuPFwuuwLK+jdzK6tr6Rn6zsLW9s7tn7h80VJRIyuo0EpFseUQxwUNWBw6CtWLJSOAJ1vSGN5nfvGdS8SiswThmbkD6Ifc5JaClrnnmCOYDdh7wqA2uI3l/kL06aXmCr/Cok9YmWs+8rlm0StYUeJnYc1JEc1S75pfTi2gSsBCoIEq1bSsGNyUSOBVsUnASxWJCh6TP2pqGJGDKTacnTfCJVnrYj6SuEPBU/T2RkkCpceDpzoDAQC16mfif107Av3RTHsYJsJDOPvITgSHCWT64xyWjIMaaECq53hXTAZGEgk6xoEOwF09eJo1yybZK9t15sXI9jyOPjtAxOkU2ukAVdIuqqI4oekTP6BW9GU/Gi/FufMxac8Z85hD9gfH5A6IKnXE=</latexit>

= x1[t]
2 + x2[t]

2
<latexit sha1_base64="js/dR6ukzQYQBkU9kpXv3bsYQs0=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCIJSkCLoRim5cVrAPSGOYTKft0MmDmYlYQsCNv+LGhSJu/Ql3/o3TNoK2Hhg495x7uXOPH3MmlWV9GYWFxaXlleJqaW19Y3PL3N5pyigRhDZIxCPR9rGknIW0oZjitB0LigOf05Y/vBz7rTsqJIvCGzWKqRvgfsh6jGClJc/cO7/3UjtzlHubVrNjXVR/Cs8sWxVrAjRP7JyUIUfdMz873YgkAQ0V4VhKx7Zi5aZYKEY4zUqdRNIYkyHuU0fTEAdUuunkhgwdaqWLepHQL1Roov6eSHEg5SjwdWeA1UDOemPxP89JVO/MTVkYJ4qGZLqol3CkIjQOBHWZoETxkSaYCKb/isgAC0yUjq2kQ7BnT54nzWrFtir29Um5dpHHUYR9OIAjsOEUanAFdWgAgQd4ghd4NR6NZ+PNeJ+2Fox8Zhf+wPj4BqGFl4A=</latexit><latexit sha1_base64="js/dR6ukzQYQBkU9kpXv3bsYQs0=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCIJSkCLoRim5cVrAPSGOYTKft0MmDmYlYQsCNv+LGhSJu/Ql3/o3TNoK2Hhg495x7uXOPH3MmlWV9GYWFxaXlleJqaW19Y3PL3N5pyigRhDZIxCPR9rGknIW0oZjitB0LigOf05Y/vBz7rTsqJIvCGzWKqRvgfsh6jGClJc/cO7/3UjtzlHubVrNjXVR/Cs8sWxVrAjRP7JyUIUfdMz873YgkAQ0V4VhKx7Zi5aZYKEY4zUqdRNIYkyHuU0fTEAdUuunkhgwdaqWLepHQL1Roov6eSHEg5SjwdWeA1UDOemPxP89JVO/MTVkYJ4qGZLqol3CkIjQOBHWZoETxkSaYCKb/isgAC0yUjq2kQ7BnT54nzWrFtir29Um5dpHHUYR9OIAjsOEUanAFdWgAgQd4ghd4NR6NZ+PNeJ+2Fox8Zhf+wPj4BqGFl4A=</latexit><latexit sha1_base64="js/dR6ukzQYQBkU9kpXv3bsYQs0=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCIJSkCLoRim5cVrAPSGOYTKft0MmDmYlYQsCNv+LGhSJu/Ql3/o3TNoK2Hhg495x7uXOPH3MmlWV9GYWFxaXlleJqaW19Y3PL3N5pyigRhDZIxCPR9rGknIW0oZjitB0LigOf05Y/vBz7rTsqJIvCGzWKqRvgfsh6jGClJc/cO7/3UjtzlHubVrNjXVR/Cs8sWxVrAjRP7JyUIUfdMz873YgkAQ0V4VhKx7Zi5aZYKEY4zUqdRNIYkyHuU0fTEAdUuunkhgwdaqWLepHQL1Roov6eSHEg5SjwdWeA1UDOemPxP89JVO/MTVkYJ4qGZLqol3CkIjQOBHWZoETxkSaYCKb/isgAC0yUjq2kQ7BnT54nzWrFtir29Um5dpHHUYR9OIAjsOEUanAFdWgAgQd4ghd4NR6NZ+PNeJ+2Fox8Zhf+wPj4BqGFl4A=</latexit><latexit sha1_base64="js/dR6ukzQYQBkU9kpXv3bsYQs0=">AAACA3icbVDLSsNAFL2pr1pfUXe6GSyCIJSkCLoRim5cVrAPSGOYTKft0MmDmYlYQsCNv+LGhSJu/Ql3/o3TNoK2Hhg495x7uXOPH3MmlWV9GYWFxaXlleJqaW19Y3PL3N5pyigRhDZIxCPR9rGknIW0oZjitB0LigOf05Y/vBz7rTsqJIvCGzWKqRvgfsh6jGClJc/cO7/3UjtzlHubVrNjXVR/Cs8sWxVrAjRP7JyUIUfdMz873YgkAQ0V4VhKx7Zi5aZYKEY4zUqdRNIYkyHuU0fTEAdUuunkhgwdaqWLepHQL1Roov6eSHEg5SjwdWeA1UDOemPxP89JVO/MTVkYJ4qGZLqol3CkIjQOBHWZoETxkSaYCKb/isgAC0yUjq2kQ7BnT54nzWrFtir29Um5dpHHUYR9OIAjsOEUanAFdWgAgQd4ghd4NR6NZ+PNeJ+2Fox8Zhf+wPj4BqGFl4A=</latexit>
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 x denotes a matrix of N-by-2
z denotes a matrix of N-by-2

ES(A) =
1

2N

X

t

����z[t]�A


x[t]
1

�����
2

<latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit>

minimize ES(A) with respect to A

<latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit><latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit><latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit><latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit>

tanh

✓
A


x[t]
1

�◆

<latexit sha1_base64="9+DvTziVS1AIhvl/wDApawEcE/s="></latexit><latexit sha1_base64="9+DvTziVS1AIhvl/wDApawEcE/s="></latexit><latexit sha1_base64="9+DvTziVS1AIhvl/wDApawEcE/s="></latexit><latexit sha1_base64="9+DvTziVS1AIhvl/wDApawEcE/s="></latexit>

ES(A) =
1

2N

X

t

����z[t]�A


x[t]
1

�����
2

<latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit>

2
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 x denotes a matrix of N-by-2
z denotes a matrix of N-by-2

ES(A) =
1

2N

X

t

����z[t]�A


x[t]
1

�����
2

<latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit>

minimize ES(A) with respect to A

<latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit><latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit><latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit><latexit sha1_base64="08cFh1XRF4A8zrls1vLjOHXkZtQ=">AAACKnicbZDLTgIxFIY7eEO8jbp0M5GY4IbMGBNdgsbEJUa5JDAhnXKAhrYzth0NTngeN76KGxYa4tYHscAsFDxJk+/8pyft/wcRo0q77sTKrKyurW9kN3Nb2zu7e/b+QU2FsSRQJSELZSPAChgVUNVUM2hEEjAPGNSDwfV0Xn8CqWgoHvQwAp/jnqBdSrA2Utsucyoopy/gtB5j3HFu2sn9qFA+TdtnqvspSlAREJ12Okyh3LbzbtGdlbMMXgp5lFalbY9bnZDEHIQmDCvV9NxI+wmWmhIGo1wrVhBhMsA9aBoUmIPyk5nVkXNilI7TDaU5Qjsz9fdGgrlSQx6YmxzrvlqcTcX/Zs1Ydy/9hIoo1iDI/KFuzKZGp7k5HSqNezY0gImk5q8O6WOJiTbp5kwI3qLlZaidFT236N2d50tXaRxZdISOUQF56AKV0C2qoCoi6BW9ow/0ab1ZY2tifc2vZqx05xD9Kev7B+5fplE=</latexit>

tanh

✓
A


x[t]
1

�◆

<latexit sha1_base64="9+DvTziVS1AIhvl/wDApawEcE/s="></latexit><latexit sha1_base64="9+DvTziVS1AIhvl/wDApawEcE/s="></latexit><latexit sha1_base64="9+DvTziVS1AIhvl/wDApawEcE/s="></latexit><latexit sha1_base64="9+DvTziVS1AIhvl/wDApawEcE/s="></latexit>

ES(A) =
1

2N

X

t

����z[t]�A


x[t]
1

�����
2

<latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit><latexit sha1_base64="jvgJIzdE89cmXwkUqA6msVDhCHc="></latexit>

2



Learning a linear relation
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y=x1a1+x2a2+x3a3+…+xdad+ad+1

y = [a1 a2 · · · ad ad+1]

2

666664

x1

x2
...
xd

1

3

777775

<latexit sha1_base64="2wZpZInEyp7+GmP1ZDDmFJ3h3JU="></latexit><latexit sha1_base64="2wZpZInEyp7+GmP1ZDDmFJ3h3JU="></latexit><latexit sha1_base64="2wZpZInEyp7+GmP1ZDDmFJ3h3JU="></latexit><latexit sha1_base64="2wZpZInEyp7+GmP1ZDDmFJ3h3JU="></latexit>

X
<latexit sha1_base64="GauA5oGsRS7QbOWcmn8rizNPsOA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPZuqfrXm1/05yCoJClKDAs1+9as3iFmquEYmqbXdwE8wzKhBwSSfVXqp5QllEzriXUc1VdyG2fzWGTlzyoAMY+NKI5mrvycyqqydqsh1Kopju+zl4n9eN8XhdZgJnaTINVssGqaSYEzyx8lAGM5QTh2hzAh3K2FjaihDF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5invxXv3PhatJa+YOYY/8D5/ADHrjlM=</latexit><latexit sha1_base64="GauA5oGsRS7QbOWcmn8rizNPsOA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPZuqfrXm1/05yCoJClKDAs1+9as3iFmquEYmqbXdwE8wzKhBwSSfVXqp5QllEzriXUc1VdyG2fzWGTlzyoAMY+NKI5mrvycyqqydqsh1Kopju+zl4n9eN8XhdZgJnaTINVssGqaSYEzyx8lAGM5QTh2hzAh3K2FjaihDF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5invxXv3PhatJa+YOYY/8D5/ADHrjlM=</latexit><latexit sha1_base64="GauA5oGsRS7QbOWcmn8rizNPsOA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPZuqfrXm1/05yCoJClKDAs1+9as3iFmquEYmqbXdwE8wzKhBwSSfVXqp5QllEzriXUc1VdyG2fzWGTlzyoAMY+NKI5mrvycyqqydqsh1Kopju+zl4n9eN8XhdZgJnaTINVssGqaSYEzyx8lAGM5QTh2hzAh3K2FjaihDF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5invxXv3PhatJa+YOYY/8D5/ADHrjlM=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="or8bBkXO6jJGCo5fXKcV45YbGwQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcFUybnQpuHFZwbZCO5RMeqcNTTJDkhHK0Fdw40IRn8qdb2Om7UJbDwQ+zknIvSfOpLCO0u+gsrW9s7tX3a8d1A+Pjhsn9a5Nc8Oxw1OZmqeYWZRCY8cJJ/EpM8hULLEXT+/KvPeMxopUP7pZhpFiYy0SwZkrrYHN1bDRpC26ENmEcAVNWKk9bHwNRinPFWrHJbO2H9LMRQUzTnCJ89ogt5gxPmVj7HvUTKGNisWsc3LhnRFJUuOPdmTh/n5RMGXtTMX+pmJuYtez0vwv6+cuuYkKobPcoebLj5JcEpeScnEyEga5kzMPjBvhZyV8wgzjztdT8yWE6ytvQveqFdJW+EChCmdwDpcQwjXcwj20oQMcJvACb/AeqOA1+FjWVQlWvZ3CHwWfPw8SjP0=</latexit><latexit sha1_base64="or8bBkXO6jJGCo5fXKcV45YbGwQ=">AAAB4HicbZDNSgMxFIXv1L9aq1a3boJFcFUybnQpuHFZwbZCO5RMeqcNTTJDkhHK0Fdw40IRn8qdb2Om7UJbDwQ+zknIvSfOpLCO0u+gsrW9s7tX3a8d1A+Pjhsn9a5Nc8Oxw1OZmqeYWZRCY8cJJ/EpM8hULLEXT+/KvPeMxopUP7pZhpFiYy0SwZkrrYHN1bDRpC26ENmEcAVNWKk9bHwNRinPFWrHJbO2H9LMRQUzTnCJ89ogt5gxPmVj7HvUTKGNisWsc3LhnRFJUuOPdmTh/n5RMGXtTMX+pmJuYtez0vwv6+cuuYkKobPcoebLj5JcEpeScnEyEga5kzMPjBvhZyV8wgzjztdT8yWE6ytvQveqFdJW+EChCmdwDpcQwjXcwj20oQMcJvACb/AeqOA1+FjWVQlWvZ3CHwWfPw8SjP0=</latexit><latexit sha1_base64="JMG8xflioKnwLPydtMrHyhhE1bk=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5stAzaWEYwH5AcYW+zlyzZ3Tt254QQ8hdsLBSx9Q/Z+W/cS67QxAcDj/dmmJkXpVJY9P1vr7SxubW9U96t7O0fHB5Vj0/aNskM4y2WyMR0I2q5FJq3UKDk3dRwqiLJO9HkLvc7T9xYkehHnKY8VHSkRSwYxVzq20wNqjW/7i9A1klQkBoUaA6qX/1hwjLFNTJJre0FforhjBoUTPJ5pZ9ZnlI2oSPec1RTxW04W9w6JxdOGZI4Ma40koX6e2JGlbVTFblORXFsV71c/M/rZRjfhDOh0wy5ZstFcSYJJiR/nAyF4Qzl1BHKjHC3EjamhjJ08VRcCMHqy+ukfVUP/Hrw4Ncat0UcZTiDc7iEAK6hAffQhBYwGMMzvMKbp7wX7937WLaWvGLmFP7A+/wBMKuOTw==</latexit><latexit sha1_base64="GauA5oGsRS7QbOWcmn8rizNPsOA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPZuqfrXm1/05yCoJClKDAs1+9as3iFmquEYmqbXdwE8wzKhBwSSfVXqp5QllEzriXUc1VdyG2fzWGTlzyoAMY+NKI5mrvycyqqydqsh1Kopju+zl4n9eN8XhdZgJnaTINVssGqaSYEzyx8lAGM5QTh2hzAh3K2FjaihDF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5invxXv3PhatJa+YOYY/8D5/ADHrjlM=</latexit><latexit sha1_base64="GauA5oGsRS7QbOWcmn8rizNPsOA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPZuqfrXm1/05yCoJClKDAs1+9as3iFmquEYmqbXdwE8wzKhBwSSfVXqp5QllEzriXUc1VdyG2fzWGTlzyoAMY+NKI5mrvycyqqydqsh1Kopju+zl4n9eN8XhdZgJnaTINVssGqaSYEzyx8lAGM5QTh2hzAh3K2FjaihDF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5invxXv3PhatJa+YOYY/8D5/ADHrjlM=</latexit><latexit sha1_base64="GauA5oGsRS7QbOWcmn8rizNPsOA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPZuqfrXm1/05yCoJClKDAs1+9as3iFmquEYmqbXdwE8wzKhBwSSfVXqp5QllEzriXUc1VdyG2fzWGTlzyoAMY+NKI5mrvycyqqydqsh1Kopju+zl4n9eN8XhdZgJnaTINVssGqaSYEzyx8lAGM5QTh2hzAh3K2FjaihDF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5invxXv3PhatJa+YOYY/8D5/ADHrjlM=</latexit><latexit sha1_base64="GauA5oGsRS7QbOWcmn8rizNPsOA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPZuqfrXm1/05yCoJClKDAs1+9as3iFmquEYmqbXdwE8wzKhBwSSfVXqp5QllEzriXUc1VdyG2fzWGTlzyoAMY+NKI5mrvycyqqydqsh1Kopju+zl4n9eN8XhdZgJnaTINVssGqaSYEzyx8lAGM5QTh2hzAh3K2FjaihDF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5invxXv3PhatJa+YOYY/8D5/ADHrjlM=</latexit><latexit sha1_base64="GauA5oGsRS7QbOWcmn8rizNPsOA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPZuqfrXm1/05yCoJClKDAs1+9as3iFmquEYmqbXdwE8wzKhBwSSfVXqp5QllEzriXUc1VdyG2fzWGTlzyoAMY+NKI5mrvycyqqydqsh1Kopju+zl4n9eN8XhdZgJnaTINVssGqaSYEzyx8lAGM5QTh2hzAh3K2FjaihDF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5invxXv3PhatJa+YOYY/8D5/ADHrjlM=</latexit><latexit sha1_base64="GauA5oGsRS7QbOWcmn8rizNPsOA=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0DJoYxnBxEByhL3NJlmyu3fszgnhyF+wsVDE1j9k579xL7lCEx8MPN6bYWZelEhh0fe/vdLa+sbmVnm7srO7t39QPTxq2zg1jLdYLGPTiajlUmjeQoGSdxLDqYokf4wmt7n/+MSNFbF+wGnCQ0VHWgwFo5hLPZuqfrXm1/05yCoJClKDAs1+9as3iFmquEYmqbXdwE8wzKhBwSSfVXqp5QllEzriXUc1VdyG2fzWGTlzyoAMY+NKI5mrvycyqqydqsh1Kopju+zl4n9eN8XhdZgJnaTINVssGqaSYEzyx8lAGM5QTh2hzAh3K2FjaihDF0/FhRAsv7xK2hf1wK8H95e1xk0RRxlO4BTOIYAraMAdNKEFDMbwDK/w5invxXv3PhatJa+YOYY/8D5/ADHrjlM=</latexit>
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d < n

! The number of unknowns is less than the 
constraint number 
! 400 data points in R3 space 

! Data point on a hyper-plane 
! x1[t]a1+x2[t]a2 +a3 - y[t] = 
Minimization of the mean square error 

ke

2e



Adavanced Numerical Computation 
2008, AM NDHU 16

Surface fitting
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Surface fitting
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Approximating function

! Dimensionality 
! One dimensional curve 
! High dimensional surface 
! Extremely high dimensional functions 

! Linear functions, quadratic functions and 
nonlinear functions

18
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Sampling

! A mapping from R2 to R 
! Paired data:

Si = {(x[t],y[t])|x[t]= (x1[t], x2[t]), y[t]= zi[t]}t
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Linear relation

! N=400, d=2 
! General coordinate of points ([x1,x2],y) 
! Linea relation  
   x1a1+x2a2+a3=y

X
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x1

x2

1

xd

. 

. 

.

ya1

a2 ad

ad+1



! n=400, d=2 
! General coordinate of points ([x1,x2],y) 
! Linea relation  
   x1a1+x2a2+a3=y
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Hyper-plane fitting

! n=400, d>2 
! General coordinate of points  
! ([x1,x2,…,xd],y) 
! Linea relation  
   x1a1+x2a2+…+xdad+ad+1=y
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data 

bXa =
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ba =X

n1,...,ifor    bi ==axTi
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⎟
⎟
⎟
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⎠

⎞

⎜
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m=d+1 and  1=imx
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Strategy I : Pseudo Inverse

ba =X

ba X)(pinv=
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Strategy II: minimizing mean square errors

Minimize
E(a) = e2

=
1
2n

ei
2

i=1

n

∑ =
1
2n

(xi
Ta−bi )

2

i=1

n

∑

n= N
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Minimization 

m1,...,jfor  0)(
==

jda
dE a
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Derivative

dE(a)
daj

=
2
2n

(xi
Ta−bi )xij

i=1

n

∑ = 0

Minimize

E(a) = 1
2n

(xi
Ta−bi )

2

i=1

n

∑



Adavanced Numerical Computation 
2008, AM NDHU 28

Vector Form

dE(a)
da

=
2
2n

(xi
Ta−bi )xi

i=1

m

∑ = 0

Minimize

E(a) = 1
2n

(xi
Ta−bi )

2

i=1

n

∑
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Linear system: normal equations

∑∑
==

=⇒
n

i
ii

n

i
i

T
i b

11
xaxx

dE(a)
da

=
2
2n

(xi
Ta−bi )xi

i=1

n

∑ = 0
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∑∑

∑∑

==

==

=

⇒

=

n

i
ii

n

i

T
ii

n

i
ii

n

i
i

T
i

b

b

11

11

xaxx

xaxx
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⎟
⎟
⎟
⎟
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⎜
⎜
⎜
⎜
⎜

⎝

⎛
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T
n

T

T

x

x
x

�

2

1

X ( )nT xxx �21X =
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⎟
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∑∑
==

=
n

i
ii

n

i

T
ii b

11
xaxx

bXXaXT T=
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bXXXa TT 1)( −=

bXXaXT T=
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Comparison

! d=2,n=100 

35

d=2;n=100;  
x=rand(d, n); y=rand(1,d)*x+2+rand(1, n)*0.1-0.05;  
plot(x,y,'.');  
X=[x' ones(n,1)];  
b=y';  
tstart = tic;  
a=pinv(X)*b 
telapsed = toc(tstart) 
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Hyper-plane fitting

! Step 1. Input paired data, (x[t] , y[t]), t=1…n 
! Step 2. Form matrix X and vector b 
! Step 3. Set a to pinv(X)*b 
! Step 4. Set c to bTT XXX 1)( −

Hyper-plane fitting ax  
y
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>> n=30;S=rand(n,2);y=S*[1 2]'+1; 
>> b=y; 
>> X=[S ones(n,1)]; 
>> a=pinv(X)*b; c=inv(X'*X)*(X'*b); 
>> sum(abs(a-c)) 

ans = 

  1.0547e-015
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Vector Form

∇(a) = dE(a)
da

=
2
2n

(xi
Ta−bi )xi

i=1

n

∑

Minimize

E(a) = 1
2n

(xi
Ta−bi )

2

i=1

n

∑
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Gradient descent method

! Updating

39

∇(a) = dE(a)
da

=
2
2n

(xi
Ta−bi )xi

i=1

n

∑

=
1
n

eixi
i=1

n

∑

a← a−λ∇(a)

G=mean(X.*(e*ones(1,d+1)))
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Flow chart

function a=gradient_descent(x,y)

40

[N,d]=size(x); 
X=[x ones(N,1)]; 
a=rand(1,d+1); hc=0; c=0.01;e=y-X*a’ 
E=mean(e.^2)

~hc

G= 
a_new=a-c*G 
y_hat=X*a_new’ 
e_new=y_hat-y 
E_new=mean(e_new.^2)

∇(a)if E > E_new 
  a=a_new 
  E=E_new 
  e=e_new 
else 
  hc=1; 
end 

exit

start
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Vector Form

∇(a) = dE(a)
da

= [dE(a)
da1

dE(a)
da2

]

= [1
n

(xi
Ta1 −b1i )xi

i=1

n

∑ 1
n

(xi
Ta2 −b2i )xi

i=1

n

∑ ]

=
1
n
[ e1ixi
i=1

n

∑ e2ixi
i=1

n

∑ ]

Minimize

E(a) = 1
2n

(xi
Ta j −bji )

2

j=1

2

∑
i=1

n

∑
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Gradient descent method

! Updating

42

∇(a) = dE(a)
da

a← a−λ∇(a)
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MIMO

! Two-input-two-output  
! Revise the flow chart  
! Execute twice

43

z(:,1) = 2*x(:,1)+x(:,2)-1; 
z(:,2)=x(:,1)-x(:,2)+1; 
a(1,: )=gradient_descent(x,z(:,1 )); 
a(2,: )=gradient_descent(x,z(:,2 ));  
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Flow chart

function a=gradient_descent(x,y)

44

[N,d]=size(x); 
X=[x ones(N,1)]; 
a=rand(2,d+1); hc=0; c=0.01;e=y-X*a’ 
E=sum(mean(e.^2))

~hc

G= 
a_new=a-c*G 
y_hat=X*a_new’ 
e_new=y_hat-y 
E_new=mean(e_new.^2)

∇(a)if E < E_new 
  a=a_new;e=e_new 
  E=E_new 
else 
  hc=1; 
end 

exit

start


