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Simpson rule for numericalSimpson rule for numerical 
integration
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i ( ) f ithi [1 2 2]y=sin(x)   for x within [1.2 2]

a=1.2;b=2;
x=linspace(a b);plot(x sin(x));hold onx=linspace(a,b);plot(x,sin(x));hold on
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Quadratic polynomial

• Approximate sin using a quadratic polynomial

0 5*( +b)

• Approximate sin using a quadratic polynomial 

c=0.5*(a+b);
x=[a b c]; y=sin(x);
p=polyfit(x,y,2);
z=linspace(a,b);p ( , );
plot(z,polyval(p,z) ,'r')
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Approximate sin(x) within [1 3] by 
a quadratic polynomiala quadratic polynomial 

a=1;b=3;
x=linspace(a b);plot(x sin(x))x=linspace(a,b);plot(x,sin(x))
hold on;
c=0.5*(a+b);
x=[a b c]; y=sin(x);x [a b c]; y sin(x);
p=polyfit(x,y,2);
z=linspace(a,b);

l t( l l( ) ' ')plot(z,polyval(p,z) ,'r')
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Approximate sin(x) within [1 3] by 
a linea line

a=1;b=3;
x=linspace(a b);plot(x sin(x)) 0 8
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x=linspace(a,b);plot(x,sin(x))
hold on;
c=0.5*(a+b);
x=[a b ]; y=sin(x);
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x [a b ]; y sin(x);
p=polyfit(x,y,1);
z=linspace(a,b);
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plot(z,polyval(p,z) ,'r')
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Strategy I : Apply Trapezoid rule to calculate area under a line
Strategy II : Apply Simpson rule to calculate area under a second 

order polynomialorder polynomial

Strategy II is more accurate and general than strategy I, since a line is
a special case of quadratic polynomial
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Simpson ruleSimpson rule

 Original task: integration of f(x) within [a,b]
 c (a+b)/2 c=(a+b)/2
 Numerical task
 Approximate f(x) within [a,b] by a quadratic 
polynomial, p(x)

 Integration of p(x) within [a,b]
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Blue: f(x)=sin(x) within [1,3] 
Red: a quadratic polynomial that pass (1,sin(1)), (2,sin(2)),(3,sin(3))
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• The area under a quadratic polynomial is a sum of area I, II and III

))
2

()((
23
a-b

Area(I)
abfaf 






))
2

()
2

((
23
a-b

Area(II)
abfabf 





2223

Area(III)

3
ab  ))()

2
((

23
a-b bfabf 






2
ab 

數值方法2008, Applied Mathematics  NDHU 10



• The area under a quadratic polynomial is a sum of area I, II and III

P titi [ b] t th l i i t l• Partition [a,b] to three equal-size intervals,
and use the high of the middle point c to produce three Trapezoids

•Use the composite Trapezoid rule to determine area I, II and III
h/2*(f(a)+f(c) +f(c)+f(c)+ f(c)+f(b))

• substitute h=(b-a)/3   and c=(a+b)/2
• area I + II + III =  (b-a)/6 *(f(a)+4*f((a+b)/2) +f(b))
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Shortcut to Simpson 1/3 rulep

1. Partition [a,b] to three equal intervals
2. Draw three trapezoids, Q(I), Q(II) and Q(III)
3 Calculate the sum of areas of the three trapezoids3. Calculate the sum of areas of the three trapezoids
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ProofProof
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Composite Simpson rule

 Partition [a,b] into n interval
 Integrate each interval by Simpson ruleg y p
 h=(b‐a)/2n
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Apply Simpson sule to eachApply Simpson sule to each 
interval
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Composite Simpson rule
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Set nSet n
Set fx

h=(b-a)/(2*n)
ans=0;ans=0;

i
for i=0:n-1 

exit

aa=a+2*i*h;aa a+2 i h;
cc=aa+h;bb=cc+h;

ans=ans+h/3*(fx(aa)+4*fx(cc)+fx(bb))
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Composite Simpson rulep p

h (bh (b a)/2na)/2nh=(bh=(b--a)/2na)/2n
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Composite Simpson rulep p

h (bh (b a)/2na)/2nh=(bh=(b--a)/2na)/2n

Simpson's Rule for Numerical Integration
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