Numerical Differentiation
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Multivariate function

tanh(Xx+ y)+ tanh(Xx- y)




Symbolic Differentiation

a=linspace(-3,3); b=linspace(-3,3)";
X=repmat(a,100,1); Y=repmat(b,1,100);
mesh(a,b,tanh(X+Y)+tanh(X-Y))
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Symbolic Differentiation

x=sym('x');

y=sym('y');

s="tanh(x+y)+tanh(x-y)';

f=inline(s);
sx=diff(tanh(x+y)+tanh(x-y),x);
fx=inline(sx);

a=linspace(-3,3); b=linspace(-3,3)’;
X=repmat(a,100,1); Y=repmat(b,1,100);
mesh(a,b,fx(X,Y))
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Symbolic partial Differentiation

—[tanh(Xx+ y)+ tanh(Xx- )
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Symbolic Differentiation

x=sym('x');

y=sym('y');

s="tanh(x+y)+tanh(x-y)';

f=inline(s);
sx=diff(tanh(x+y)+tanh(x-y),y);
fx=inline(sx);

a=linspace(-3,3); b=linspace(-3,3)’;
X=repmat(a,100,1); Y=repmat(b,1,100);
mesh(a,b,fx(X,Y))
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Example

: v
function of x:tanh(x)

fx =

Inline function:
fx(x) = 1-tanh(x).”2
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Symbolic Differentiation

x=sym('x');

f=inline("tanh(x)");
sx=diff(tanh(x));

fx=inline(sx);

a=linspace(-3,3);
plot(a,f(a));hold on;plot(a,fx(a))
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Numerical differentiation

fl(z) ~ Lt =f (@)

Error = 7
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Truncation error

e Taylor: f(z+ h) = f(x) + hf'(z) + hQ@

P () = HERREIE) L g

e I.e., truncation error: O(h)

The truncation error linearly depends on h
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Better approximation

flxx£h)=

f(x) £ b (z) + b2 4 p31760) 4 pal 8@ 4 s SO0 |

%—ﬁ
F(z+h) — f(:c—h)—th()+2h3f() hf55l(f”)+...

flx+h)—fle—h) 1

"(x :———2,”:13
f'(@) - “hf" ()
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Truncation error

flz+h)—fz—h) 1
2h 6

h2 f/// (x)

HOE

O(h?) : big order of h square
The truncation error linearly depends on h?2
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Richardson extrapolation

Richardson extrapolation is with O(h?3)

Start at the formula that is with O(h?)

fa+h) = f(z—h)

2h

=¢(h)

+ash® 4+ agh* 4 agh® + - -

f'(z) =

Strategy: elimination of h? term
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Halving step-size

Halving the stepsize, . .

b(h) =
h
¢<5) =

o) - 46(7) =

(x) — a2h2 — agh® — a6h6 — ..

h\ 2 4 h
f@) -az(3) —aa(3) —as(3
3 15
_3f () — Zash? — Zachf — ...
F (@) — a4 16

The h2 term disappeared!
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Richardson extrapolation

e Divide by 3 and write f/(x)

1 5

/ 4 rh 1 4 6
f(z) §¢<§) — gﬁb(h) - Za4h — Ea6h -

¢(ﬁ> + llqb(@) - ()] +0(n?)

2 3 2

=(*)
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Richardson extrapolation

f'<x>ch<§>+§ cp(?)—cp(h)]

f(x+ h)-— f(x- h)

@(h) = o
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Symbolic Differentiation

x=sym('x');

f=inline("tanh(x)");
sx=diff(tanh(x));

fx=inline(sx);

a=linspace(-3,3);
plot(a,f(a));hold on;plot(a,fx(a))
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h=0.01
x=linspace(-3,3);
f=inline(‘tanh(x)";

plot(x,f_plum,'qg")

Ex1

f'<x>~cp<§>+§ cp(é—%—cp(h)]

f(x+h)y— f(x-h)

p(h)= T
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Mean Square Approximating error

>> mean((f_plum-fx(a)).”2)
ans =

1.1109e-20
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Symbolic Differentiation

x=sym('x');

y=sym('y');

s="tanh(x+y)+tanh(x-y)';

f=inline(s);
sx=diff(tanh(x+y)+tanh(x-y),x);
fx=inline(sx);

a=linspace(-3,3); b=linspace(-3,3)’;
X=repmat(a,100,1); Y=repmat(b,1,100);
mesh(a,b,fx(X,Y))
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a=linspace(-3,3); b=linspace(-3,3)";
X=repmat(a,100,1); Y=repmat(b,1,100);
h=0.001;
f=inline('tanh(x+y)+tanh(x-y)");

mesh(a,b,f_plum)
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Mean sguare approximation error

>> sum(sum((fx(X,Y)-f_plum).”~2))/100/100
ans =

5.2034e-26
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Symbolic partial Differentiation

—[tanh(Xx+ y)+ tanh(Xx- )

patics NDHU

25



Symbolic Differentiation

x=sym('x');

y=sym('y');

s="tanh(x+y)+tanh(x-y)';

f=inline(s);
sx=diff(tanh(x+y)+tanh(x-y),y);
fx=inline(sx);

a=linspace(-3,3); b=linspace(-3,3)’;
X=repmat(a,100,1); Y=repmat(b,1,100);
mesh(a,b,fx(X,Y))
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a=linspace(-3,3); b=linspace(-3,3)";
X=repmat(a,100,1); Y=repmat(b,1,100);
h=0.001;
f=inline('tanh(x+y)+tanh(x-y)");

mesh(a,b,f_plum)
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Mean sguare approximation error

>> sum(sum((fx(X,Y)-f_plum).”~2))/100/100
ans =

4.8770e-26
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Further study
How to apply numerical differentiation to deep
learning ? Advantages and disadvantages ?

Deep Neural Networks

tanh E tanh 2

tanh 2 tanh 2
1 1




Further study
How to solve a nonlinear system with a Jacobian
matrix derived by numerical differentiation?

How to solve to nonlinear system even without
using Jacobian?
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