Unsupervised MFA clustering
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Unsupervised data
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Gaussian mixtures
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Fig. 1. The generative model.
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Gaussian pdf

P(x|yg. Ag)

1 (x — vi) Ap(x — vp)
— —————=6Xp ( %
a2 [|AY 2
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Weight sum of Gaussian pdfs

p(x) = Z”k P (x| A,y )
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Fitting Gaussian mixtures

L=2.L,
L, =log T p. (x[t])

o[t]=e,

= > Inp, (x[t])

o[t]=e,

= X5, [t]In p, (1)
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Objective function

L(0,y,A) = Z L,

- %Z;@ [(x[t]-y,)" AG[t]-y,) - % log|A|
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L(3,y,A)= Z L,

:%sz:d([t](x[t]—ykfA(X[t]—yk) —%log\A\

Pr(3[t] = e, ) oc exp(pu[t])
_dL((3)y. A)
uk[t] — d<5k [t]>

Pr(8[t] = ) o« exp(—g(x[t] v A -y,)
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E step

oL 1
o 2 M-YJAGL-yY) (ED

exp(pu,[t]) (E£2)

uk[t] -

viltl= <5k [t]> =

> exp(Bu,[t])
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Solve
dL(y|v,A)

=0, k=1,..,K (M1)

dYk
where

V:<6>
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M step

Solve

dL(A|v,y)
dA,,

where

v=(3)

-0, ab=1,..d (M2)
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EM method

. Set each v, near zero randomly,
set y, near the mean of all x;
. Fix beta to one
. E step: determine all v;, using eq (E1-2)
. M step: use eq (M1) to update all y,

use eq(M2) to update matrix A
. If the halting condition holds, halt
. Gotostep 3
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Exercise

Derive updating rules for the M step
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oL
Y,

- SultA+ ARt -y,) =0

2 Vi [t]x[t]
(M1)

T X
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oL
OR;

= I - YOG - )+ A7), =0

—
A=(W?) (M2)

W, =3 V1 - V) )




Annealed EM

1.Set £ to a sufficiently low value
A=0.01x]
1

1
Y« ® NZX[t]’ Vk[t] == K

2. E step : update v using (E1)
3. M step : update y using (M1)
update A using (M2)

4.1f %ZZVk[t]Z >0.98, halt
t kK

else <« 0.984, goto step 2

Adavanced Numerical Computation 2008,
AM NDHU




L(3,y,A) = Z L,

=Y S IGI -y, AGI-y,) - log A
Pr(3[t] = ) o exp(Au, [t])
Pr(3[t] = ) = Cexp( AU, [t])
c-
> exp(u,[1)
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or(o[t] = et ) = - PV
> exp(pu,[t])

K
Expectation of 8[t] = ) e, Pr(3[t]=e)
k=1

Entropy of 8[t] = —ZK: Pr(d[t]=e, ) InPr(3[t] =e, )
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Pr(a[t] = f ) =P 1y (s, 10
> exp(u; 1)

H, = Entropy of §[t] = —ZK: Pr(3[t] = e, ) InPr(3[t] = e, )

= _Z v, [t](Bu, [t]-In Z exp(Bu;[t]))

== B2 Vit L]+ 2 v [tlIn > exp(Au; [t])
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Free energy

* Combination of mean energy and negative
entropy

Adavanced Numerical Computation 2008,
AM NDHU




Randomization

* Boltzmann assumption

— | 1s regarded as a random vector

Pr() oc exp(-SE(9))

* Free energy

F=(E(3))




F=<E(a)>—1H (3)

p
1
~ E({(3[t])) -5 2 H I

Derived based on
Kullback - Leiberg(KL) divergence




-
P 5

= E(v) Z, 2, Vi [tu, [t]

F ~ E({(8[t]))) H.

23 I Y exp(Au [t])




Mean field equation

oF =0 o =0, Vk,t

ov, [t]  ou,[t]

- OE(v)
Uy [t] = vt

exp(pu,[t])
Zexr)(ﬂu [t])

Vi [t] =




Free energy

LGy, A)=) L,

-5 T T AII0I -y, AGI-y.) - loglA

F(v,u,y,A)

=E(v,y,A)+ szk [tju, [t]

——>In> exp(u;t])

t J
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Saddle point

oF _,_OF
ov [t] ou,ft]

=0, Vk,t

oF dL(y|v,A)

=0, (M1
Oy, dy, M

oF dL(A|v,y)

o, M)
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Updating rules

oL 1
u,[t]=- o) 2([t] v )AG[t]-y,) (ED

ke
- Zexei(rﬁuﬁu[. T

Ix[t]

(E2)

(M1)

(M2)
W, _—zzv L0 Y)Y,
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Exercise

* Implement unsupervised MEA learning for data

clustering
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