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function F = myfun(x)
F(1) = x(1)™2 + x(2)"N2-1;
F(2) = x(1)™2 - x(2)"2;
return
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symbols

s1="x1"2+x2"2-1";
s2=x1"2-x2"2";
X1=sym('x1’)
X2=sym('x2’)



Inline Function

f=inline([sym(s1);sym(s2)]);
f(0,0)



fsolve

x=fsolve(@(x) [x(1)"2+x(2)"2-1
x(1)"2-x(2)"2],[1 1])

0.7071 0.7071




s1=x1"2+x2"2-1";
s2='x1"2-x2"2";

X1=sym('x1’)

X2=sym('x2’)
f=inline([sym(s1);sym(s2)]);
f(x(1),x(2))

ans =
1.0e-11 *

0.2282
0

<

Zeros




Jacobian

A=jacobian([sym(s1);sym(s2)],[x1 x2]);

j=inline(A); >
j(1,1) {—l(x“)(l\:)(,l—\— Xl— |

£ 0% XX
A =

[ 2*¥x1, 2*x2]
[ 2*%x1, -2*x2]




fsolve

https://www.mathworks.com/help/optim/ug/fsolve.htm
mathwork

e.(‘ 3’1""."_12(1_{_['{ 0
x1cos (x2) 4+ xesin(xy) - 5 = 0.
Write a function that computes the left-hand side of these two equations.
function F = root2d(x)

F(1) = exp(-exp(-(x(1)+x(2)))) - x(2)*(1+x(1)"2);
F(2) = x(1)*cos(x(2)) + x(2)*sin(x(1)) - 0.5;



https://www.mathworks.com/help/optim/ug/fsolve.htm
https://www.mathworks.com/help/optim/ug/fsolve.html
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Nonlinear systems

A system of nonlinear equations

(XX, X,)

XigXygeaes X
F(x 3500, = | 200 )

_fn(xl,xz,...,xn)_

11> f>5--+ [, are coordinate functions of F
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3x, —cos(x,x;) —% =0

x> —81(x, +0.1)% +sin(x;) +1.06 = 0

e +20x, + %(l Ot -3)=0
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function F = myfun(x)
F(1) = 3*x(1)-cos(x(2)*x(3))-1/2;
F(2) = x(1).~2 -81*(x(2)+0.1).~2+sin(x(3))+1.06;
F(3) = exp(-x(1)*x(2))+20*x(3)+1/3*(10*pi-3);

return
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Example
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Neural dynamics

x, = tanh(a, x), foralli
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Newton’'s method -Tangent line

slope = f'(x,) =

-
EACH
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Updating rule

ACS.
- S'(x)

X : scalar

X : vector

X, =X, -[J(x,)]'F(x,)




Taylor series

- Second order expansion at x= 1,

F(x+ Ax) = F(x) + J(X)AX + %AXTH(X)AX

Jacobi matrix Hessian matrix

AX < X-X ,

n?o

F(x) zF<x,,,>+J<xn><x—x,,,>+%<x—xn>TH<xn>(x—xn>

Advanced Numerical Computation 2008,
AM NDHU



Hessian Matrix

ERCIE AN

dx; ox, 0x,

azfz (x) azfz (x) |

ox, 0x, dx;

P Th

ox ox, ox ox,
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Jacobi matrix

() 9 (X)
ox, ox,
Jf,(x) 9, (X)

ox, 0x,

00 )

ox, 0x,
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First order expansion

Set zero to
F(x) =~ F(x,) +J(x,)(X - X,)
F(x,)+J(x,)(x-x,)=0 = x=x, -J(x,)F(x,)
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Newton’s method

|
Xn+1 = Xn _[J(Xn)] F(Xn)
(X)) (X)) I(X)]

ox, ox, ox,
df,(x) 9, (x) | df, (X)
X, ox, ox,

M

of,(x) & Y (x)

ox, ox, ox
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Flow Chart

ep=10%(-6); x=rand(3,1)-0.5;
y=f(x(1),x(2),x(3)); it=0;

= Symbols

unction x=Newton2(x0,s1,s2,s3)

Talle ~—_ Inline function

Jacobian

~ halting
condition

X, =X, -|J(x,)]'F(x,)

n=n+l

I 25
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s1="3*x1-cos(x2*x3)-1/2’;
s2=x1"2 -81%(x2+0.1)"2+sin(x3)+1.06’;
s3="exp(-x1*x2)+20*x3+1/3*(10*pi-3)’;
X1=sym('x1)
X2=sym('x2")
X3=sym('x3’)



inline Function

f=inline([sym(s1);sym(s2) ;sym(s3)]);
f(0,0,0)



Jaconian

A=jacobian([sym(s1);sym(s2) ;sym(s3)],[x1
X2 x3]);

j=inline(A);
3(1,1,1)



Symbols, inline and Jacobian

symbols =

s1="3*x1-cos(x2*x3)-1/2';

s2="x1"2 -81*(x2+0.1)"2+sin(x3)+1.06%; | | Inline function
s3="exp(-x1*x2)+20*x3+1/3*(10*pi-3)’;
X1=sym('x1 ');x2=sym('x2');x3=sym('x3');k
f=inline([sym(s1);sym(s2) ;sym(s3)]);
A=jacobian([sym(s1);sym(s2) ;sym(s3)],[x1 x2 x3]);
j=inline(A);

Jacobian J




ep=107(-6); x=rand(3,1)-0.5;
y=f(x(1),x(2),x(3)); it=0;




while sum(a
X=X-inv(j(x(1
y=t(x(1),x(2)

bs(y)) >ep & it <100
),

((2) X(3)))"Y;

It=1t+1
end Jacotk

~ halting
X condition

X, =X, -[J(x,)]'F(x,)

n=n+1
|




- Implement the Newton’s method for
solving a three-variable nonlinear system

- Test your matlab codes with the following
nonlinear system

1
3x —cos(xx)——=0 2 2 2
! 2377 X, +Xx, +x; =4

X =805, +0.1)7 +5in(x,) +1.06 =0 9y _y 4y o]

—X1 X 1
e 12+20x3+§(10:r|:—3)=0 x1+3x2—x3=3
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load mnist_uint8;

train_x = double(train_x) / 255;
test x = double(test_x) / 255;
train_y = double(train_y);
test .y = double(test_y);

X=[I;

fori=1:10

A = train_x;

b = train_y(;,i)==1;

AA=A"*A:

bb=A"*b;

x=CG_lin(AA,bb);
b_hat=A*x>0.5;
er_train=b-b_hat;
b_test=(test_x*x)>0.5;
er_test=b_test-test_y(:,i)==1;
fprintf('%d er_train %d er_test %d\n',i-1,sum(abs(er_train))/length(er_train),sum(abs(er_test))/
length(er_test));

X=[X xI;

end

train_y_hat=train_x*X;
=count_er(train_y,train_

test_y_hat=test_x*X;
r=count er(test y,test y hat)



function r=count_er(y,y_hat)

[v ind_y]=max(y');

[v ind_y_hat]=max(y_hat');
r=sum(ind_y~=ind_y_hat)/length(ind_y);




Let y=f(x) denote a mapping realized by a deep neural network

f(x) = W3 x tanh(Ws x tanh(Wix))

where W, W5 and W3 denote matrixes, x denotes a stimulus vector and y

denotes an output vector. For example, x is a handwritten digit and y is a unit
vector for representing a label. Consider training and testing sets of MINIST.
Discuss how to train Wy, W5 and W3 by the Newton method.




