Nonlinear systems

Newton’'s method
The steepest descent method
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Nonlinear systems

A general system of n nonlinear equations

J1 (X, %5505 X))

_ fz(xl,xz,...,xn)

IN N unknowns

F(x,x,,.0,X )

I (X%, ,.0,X,)

11> [ »--es [, are coordinate functions of F
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Solving systems of nonlinear
equations

Numerical in chemical
engineering

Numerical Solution of Large Sets of
Algebraic Nonlinear Equations
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Example

3x, —cos(x,x;) —% =0

x! —81(x, +0.1)* +sin(x,)+1.06 =0

e +20x, + %(l Ot -3)=0
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myfun

function F = myfun(x)
F(1) = 3*x(1)-cos(x(2)*x(3))-1/2;
F(2) = x(1)."2 -81*(x(2)+0.1).72+sin(x(3))+1.06;
F(3) = exp(-x(1)*x(2))+20*x(3)+1/3*(10*pi-3);
return
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Solve nonlinear systems

Xx0= rand(1,3)-0.5;

X = Isgnonlin(@myfun,x0);
y=myfun(x);

sum(y.?2);
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demo ex1.m

Demo_ex1
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http://134.208.26.59/NM/Lecture12/demo_ex1.m
http://134.208.26.59/NM/Lecture12/demo_ex1.m

Newton's method -Tangent line

y=t(x)

yn=F(X,)

X

E{E75%52008, Applied Mathematics NDHU

X

N+1 n



Updating rule
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Newton’s method

X, =X, - [/ ]'F(x,)

xS
oX, 0x,
df,(x)  9f,(X)

X, 0x,

of,(x) 9, (x)

ox, 0x,




Flow Chart
\

T
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Guess x(0)
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Matlab coding

Matlab modules:

1.

S

3-variable function evaluation

1. Detect the number of variables

2. Translate to 3-variable functions

3. Function Evaluation

Use symbolic differentiation to determine partial derivatives
Evaluate partial derivatives

Main program: use a while loop to update x iteratively
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Function evaluation

s1="3*x1-cos(x2*x3)-1/2';
f=inline(s1);

x=rand(1,3);
y=t(x(1),x(2),x(3));
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Evaluation of vector function

s1="3*x1-cos(x2*x3)-1/2",
s2='x1.22 -81*(x2+0.1).A2+sin(x3)+1.06';
s3="exp(-x1*x2)+20*x3+1/3*(10*pi-3)’;
f1=inline(s1); f2=inline(s2);f3=inline(s3);
x=rand(1,3);
Y=H1(x(1),x(2),x(3));
Y=[Y 12(x(1),x(2),x(3))];
Y=[Y £3(x(1),x(2),x(3))];




Variant function form

s="x1+x2"
f=in|ine(s)' Error message:

i — : . :
erand(1 ,3); Too many input to inline function

y=t(x(1),x(2),x(3));

Correct codes

s="x1+x2";
f=inline(s);

x=rand(1,3);
y=f(x(1),x(2));
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S="X1+x3";
f=inline(s);
x=rand(1,3);
y=t(x(1),x(3));

Correct codes

S="X2+x3’;
f=inline(s);
x=rand(1,3);
y=f(x(2),x(3));

Correct codes
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S=' 1 '; Correct codes
f=inline(s);

x=rand(1,3);

y=t(0);

s="x1+x2+x3";
f=inline(s);
x=rand(1,3);
y=f(x(1),x(2),x(3));

Correct codes
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symvar

sc=symvar(f);
- f denotes an inline function

- sciIs a cell structure
- Symbols in f
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Symbols in an inline function

s='x1+x2"; §='x1+x3, s='x2+x3"; s="1", s='X1+x2+x3";

f=inline(s); f=inline(s); f=inline(s); f=inline(s); f=inline(s);

sc=symvar(f);

y=f(x(1),x(2));  y=tx(1).x@3));  y=f(x(2).x(3));  y=f(0); y=f(x(1),x(2),x(3));
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3-variable function evaluation
xx=fun3v(f)

- f: an inline function
+ XX: a string for 3-variable function evaluation
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Newton\fun3v.m

function xx=fun3v(f)
s=symvar(f);xx=[];
for i=1:size(s,1)
if i>1
xx=[xx"'];
end
arg=char(s(i));
switch arg
case 'X
xx=[xx '0";
case 'x1'
xx=[xx 'X(1)'];
case 'x2'
xx=[xx 'x(2)'];
case 'x3'
xx=[xx 'X(3)'];

end
end
xx=["f(" xx ")'];
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http://134.208.26.59/NM/Lecture12/Newton/fun3v.m
http://134.208.26.59/NM/Lecture12/Newton/fun3v.m

example

s='x1+x2"; s='x1+x3"; s='x2+x3"; s='1'; s='Xx1+x2+x3";
f=inline(s); f=inline(s); f=inline(s); f=inline(s); f=inline(s);

. 1

xx=fun3v(f)
x=[1 2 3]
eval(xx)
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3-variable function evaluation

function v=feval3v(f,x)
xX=fun3v(f);

eval(xx)

return

#1{&77:%2008, Applied Mathematics NDH U]



feva.m

Matlab codes

function v=feva(f,x)
s=symvar(f);
xx=[];
for i=1:size(s,1)
ss=char(s(i));
switch ss
case X'
xx=[xx 0];
case x1'
xx=[xx x(1)];
case 'x2'
xx=[xx x(2)];
case 'x3'
xx=[xx x(3)];
end
end
[ xx )
v=eval([sprintf(xx)]);

return #{& 75552008, Applied Mathematics NDHU
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http://134.208.26.59/NM/Lecture12/feva.m
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Partial derivation

s='3*x1-cos(x2*x3)-1/2";
fx=inline(s);
X1=sym('x1");
Xx2=sym('x2");
x3=sym('x3");
J1=inline(diff(s,x1))
J2=inline(diff(s,x2))
J3=inline(diff(s,x3))
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function [J1,J2,J3]=pdiff(s)

Newton\pdiff.m function [J1,72.73]=pdiff(s)
Fx=inline(fs);

xl=sym('x1");
x2=sym( 'x2"');
x3=sym( 'x3");
Jl=inline(diff(s,x1));
J2=1nline(diff(s,x2));
J3=1inline(diff(s,x3));

refturn
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Example

s='8"x1-cos(x2*x3)-1/2";
[J1 J2 J3]=pdiff(s)
J1 =
Inline function:
J1(x) =3
J2 =
Inline function:
J2(x2,x3) = sin(x2.*x3).*x3
J3 =
Inline function:
J3(x2,x3) = sin(x2.*x3).*x2
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Partial derivatives

s1="8"x1-cos(x2*x3)-1/2";
s2="X1/2 81 *(x2+0.1)"2+sin(x3)+1.06";

s3='exp(-x1*x2)+20"x3+1/3*(10*pi-3)";
J1 J2 J3]=pdiff(s1); =) 1, 5)

J4 J5 J6]=pdiff(s2); Ny Fﬁ—f %
J7 J8 J9]=pdiff(s3); R j

_ ‘j'l _] 33 3Xs G X3
~fde J§ T
J7Je 0
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Newton\demo.m

s1="3%x1-cos(x2¥x3)-1/2";
s2="x172 -81*(x2+0, " 2+sin(x3)+1.06
s3="exp(-x1*¥x2)+20%x3+1/3*(10*pi-3)’

xO=rand(3,1)-0.5;
x=Newton(sl,s2,s3,x()
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Function x=Newton(s1,s2,53,x0)

s1: string of function f1
s2: string of function f2
s3: string of function f3
X0: initial guess
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function x=Newton(sl,s2,53,x0)
fl=inline(sl); f2=inline(s2); f3=inline(s3);
[J1 J2 J3]=pdiff(sl);

[J4 15 J6]=pdiff(s2);

[J7 I8 J9]=pdiff(s3);

r=L0N(-6); x=20; it R
while sum(abs(y)) > ep & 1t < 100

%

% Determine F(1), F(2), F(3) by substituting x to f1, f2 and f3

%

% Determine J by substituting x to J1, J2,..., J9

%

% Update x

v(D)=feva(fl,x); v(2)=feva(f2,x);v(3)=teva(f3,x);

1t=1t+1;

fprintf(’ 1ter=%d criterion=%i\n’,1t,sum(y."2));
end

return

#{H 7542008, Applied Mathematics NDHU




Exercise

- Write matlab codes to implement the
Newton’s method for solving a three-
variable nonlinear system

est your matlab function with the following
nonlinear system

1
3x, —cos(x,x;) — 5= 0

x2 —81(x, +0.1)* +sin(x,) +1.06 = 0

e +20x, + %(1 O —3)=0
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The steepest descent method

is translated to minimize




Gradient

Ve(x) = 2 (), (x), (X)

axl ox,




Iterative process
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2102 Y RIOFETANES Y, =)+ 2,00 2 Y L (x)

- 2f00 2 . (0+2£,0) 2 "f L0 +2£,(0 25 af3 )

0x,

8’3 x

27,002 afl 042107 af L0+ 24007

=2J(x)" F(x)
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Newton’s method

Steepest gradient descent method

X,, =X, —0Vg(x,)
- x, -2aJ(x,)  F(x,)

min g(xn+1 )




Steepest descent

- ChooseKk®4 to minimize

hion) = g(x")

ho) = g(x"™ —avg(x"™))




h(o)=g(x"" —aVg(x"™"))
o =0,= h(0)=g(x"")

o =1,=h()=g(x"" -vg(x""))

1 1 - 1 -
o=—=h(=)=o(x"P-=Vg(x""
; ( 2) g( , g(x' "))




P(a) = h(a,) +h(a,)

+h(a;)

Ay =0 Oy —Q,

(0,7(0))
(1, A(1))

(0.5,/(0.5))
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o -0, O—0, o -0, O -0,

P(x) = h(e,) +h(oL,)

o, —0, O, —0, o, -0, O, —0,

o—-o, o-0,

+h(a3)

A; =0 Oy —A,

dP(ao) h o -0, +0 —0, o —0, +0 —0,

(@)

h(a,)

dor (0 )0 —y) 2 (e — o, (et — )

i) -0, +0 -0,

(0, 0, )(0y —0ty)
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Function x=Steepest(s1,s2,53,x0)

1. Create three nonlinear inline functions

2. Create nine inline functions for partial derivatives of the three
nonlinear functions

3. Set x to x0

4. While the halting condition is not satisfied
Substitute x to all partial derivatives to form a 3x3 matrix J
Substitute x to the three nonlinear functions
Find optimal
Update x by the steepest descent method

5. Return x
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