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A  system of nonlinear equations

Newton’s method 
Levenberg-Marquardt method  
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Outline

• A system of nonlinear equations 
• Matlab toolbox: fsolve 
• fsolve by the Levenberg-Marquardt method  
• Newton’s method for nonlinear system solving 

• Updating rule 
• Matlab implementation 
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 function F = myfun(x) 

    F(1) =  x(1)^2 + x(2)^2-1; 

    F(2) =  x(1)^2 - x(2)^2; 

return



symbols

s1='x1^2+x2^2-1';  
s2='x1^2-x2^2';  
x1=sym('x1') 
x2=sym('x2')



Inline Function  

f=inline([str2sym(s1);str2sym(s2)]); 
f(0,0)



fsolve

x=fsolve(@(x) [x(1)^2+x(2)^2-1 
x(1)^2-x(2)^2],[1 1]) 



s1='x1^2+x2^2-1';  
s2='x1^2-x2^2';  

x1=sym('x1') 
x2=sym('x2') 
f=inline([sym(s1);sym(s2)]); 
f(x(1),x(2)) 

zeros



Jacobian
A=jacobian([str2sym(s1);str2sym(s2)],[x1 

x2]);  
j=inline(A); 
j(1,1)



fsolve

https://www.mathworks.com/help/optim/ug/fsolve.htm
mathwork 

https://www.mathworks.com/help/optim/ug/fsolve.htm
https://www.mathworks.com/help/optim/ug/fsolve.html


function demo_fsolve_0()
fun = @root2d;
x0 = [0,0];
x = fsolve(fun,x0)
root2d(x)

function F = root2d(x)

F(1) = exp(-exp(-(x(1)+x(2)))) - x(2)*(1+x(1)^2);
F(2) = x(1)*cos(x(2)) + x(2)*sin(x(1)) - 0.5;





A method for the solution of certain non-linear problems in least squares 

http://www.ams.org/journals/qam/1944-02-02/S0033-569X-1944-10666-0/


http://www.dista.unibo.it/~bittelli/appunti/materiale_lettura_fisica_terreno/marquardt_63.pdf
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Nonlinear systems
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Example

0)310(
3

1
20

006.1)sin()1.0(81

0
2

1
)cos(3

3

3

2

2

2

1

321

21 =−++

=+++−

=−−

−
πxe

xxx

xxx

xx



Advanced Numerical Computation 2008, 
AM NDHU

16

myfun

function F = myfun(x) 
    F(1) =  3*x(1)-cos(x(2)*x(3))-1/2; 
    F(2) =  x(1).^2 -81*(x(2)+0.1).^2+sin(x(3))+1.06; 
    F(3) = exp(-x(1)*x(2))+20*x(3)+1/3*(10*pi-3); 
return



options = optimoptions('fsolve')
options = optimoptions('fsolve','Algorithm', 'levenberg-marquardt')



function demo_fsolve_1()
% problem setting
problem.x0 = [0,0];

display('fsolve by levenberg-marquardt');
options = optimoptions('fsolve','Algorithm', 'levenberg-marquardt')
 

FUN=@(x)root2d(x);
tic
x = fsolve(FUN,problem.x0,options);
toc
root2d(x)

end
 
function F = root2d(x)
F(1) = exp(-exp(-(x(1)+x(2)))) - x(2)*(1+x(1)^2);
F(2) = x(1)*cos(x(2)) + x(2)*sin(x(1)) - 0.5;
end



function demo_fsolve_2()
% problem setting
problem.x0=[0,0];
options = optimoptions('fsolve')
 

FUN=@(x)root2d(x);
tic
x = fsolve(FUN,problem.x0,options);
toc
root2d(x)

end
 
function F = root2d(x)
F(1) = exp(-exp(-(x(1)+x(2)))) - x(2)*(1+x(1)^2);
F(2) = x(1)*cos(x(2)) + x(2)*sin(x(1)) - 0.5;
end
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To pass parameters using anonymous functions:

Write a file containing the following code:
function y = parameterfun(x,a,b,c)
y = (a - b*x(1)^2 + x(1)^4/3)*x(1)^2 + x(1)*x(2) + ...
    (-c + c*x(2)^2)*x(2)^2;
Assign values to the parameters and define a function handle f to an anonymous function by entering the following commands at the 
MATLAB® prompt:
a = 4; b = 2.1; c = 4; % Assign parameter values
x0 = [0.5,0.5];
f = @(x)parameterfun(x,a,b,c);
Call the solver fminunc with the anonymous function:
[x,fval] = fminunc(f,x0)



function demo_fsolve3()
% problem setting
x0 = [0,0,0];
options = optimoptions('fsolve','Algorithm', 'levenberg-marquardt')
 
display('fsolve by levenberg-marquardt');
c=[1 1 1 2 -1 1 1 3 -1];
f = @(x)root3d(x,c);
tic
x = fsolve(f,x0,options);
toc
root3d(x,c)
 
end
 
function F = root3d(x,c)
F(1) =c(1)*x(1)^2+ c(2)*x(2)^2+c(3)*x(3)^2-4;
F(2) =c(4)*x(1)+ c(5)*x(2)+c(6)*x(3)-1;
F(3) =c(7)*x(1)+ c(8)*x(2)+c(9)*x(3)-3;
 
end
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Neural dynamics







MatConvNet

http://www.vlfeat.org/matconvnet/
http://caffe.berkeleyvision.org
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Newton’s method -Tangent line
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Updating rule
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• Second order expansion at x=

29
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First order expansion
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Newton’s method
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Flow Chart
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symbols 

Inline function 

Jacobian

function x=Newton2(x0,s1,s2,s3)

ep=10^(-6); x=rand(3,1)-0.5; 
y=f(x(1),x(2),x(3)); it=0;



s1='3*x1-cos(x2*x3)-1/2';  
s2='x1^2 -81*(x2+0.1)^2+sin(x3)+1.06';  
s3='exp(-x1*x2)+20*x3+1/3*(10*pi-3)'; 
x1=sym('x1') 
x2=sym('x2') 
X3=sym('x3')



inline Function 

f=inline([str2sym(s1);str2sym(s2) ;str2sym(s
3)]); 

f(0,0,0)



Jaconian 
A=jacobian([str2sym(s1);str2sym(s2) ;str2sy

m(s3)],[x1 x2 x3]);  
j=inline(A); 
j(1,1,1)



s1='3*x1-cos(x2*x3)-1/2';  
s2='x1^2 -81*(x2+0.1)^2+sin(x3)+1.06';  
s3='exp(-x1*x2)+20*x3+1/3*(10*pi-3)'; 
x1=sym('x1');x2=sym('x2');x3=sym('x3'); 
f=inline([sym(s1);sym(s2) ;sym(s3)]); 
A=jacobian([sym(s1);sym(s2) ;sym(s3)],[x1 x2 x3]);  
j=inline(A); 

symbols 

Inline function 

Jacobian

Symbols, inline and Jacobian



Init

ep=10^(-6); x=rand(3,1)-0.5; 
y=f(x(1),x(2),x(3)); it=0;



while sum(abs(y)) > ep & it < 100
x=x-inv(j(x(1),x(2),x(3)))*y;
y=f(x(1),x(2),x(3))
it=it+1
end
x
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• Implement the Newton’s method for 
solving a three-variable nonlinear system 

• Test your matlab codes with the following 
nonlinear system

0)310(
3

1
20

006.1)sin()1.0(81

0
2

1
)cos(3

3

3

2

2

2

1

321

21 =−++

=+++−

=−−

−
πxe

xxx

xxx

xx

33

12

4

321

321

2

3

2

2

2

1

=−+

=+−

=++

xxx

xxx

xxx



problem set 1

Write a matlab function to translate an input matrix
to an output matrix by an MLP neural network.

Write a matlab function to implement a system of 
nonlinear error functions of an MLP neural network.

Try to solve nonlinear error functions by fsolve 
based on Levenber-Marquardt 
 

 



Y = r * tanh(AX) + r0

A
r

r0





Let y=f(x) denote a mapping realized by a deep neural network

f(x) = W3 ⇤ tanh(W2 ⇤ tanh(W1x))

where W1, W2 and W3 denote matrixes, x denotes a stimulus vector and y

denotes an output vector. For example, x is a handwritten digit and y is a unit

vector for representing a label. Consider training and testing sets of MNIST.

Discuss how to train W1, W2 and W3 by the Newton method.



load mnist_uint8;
train_x = double(train_x) / 255;
test_x  = double(test_x)  / 255;
train_y = double(train_y);
test_y  = double(test_y);
X=[];
for i=1:10
A = train_x;
b = train_y(:,i)==1;
AA=A'*A;
bb=A'*b;
x=CG_lin(AA,bb);
b_hat=A*x>0.5;
er_train=b-b_hat;
b_test=(test_x*x)>0.5;
er_test=b_test-test_y(:,i)==1;
fprintf('%d er_train %d er_test %d\n',i-1,sum(abs(er_train))/length(er_train),sum(abs(er_test))/
length(er_test));
X=[X x];
end
train_y_hat=train_x*X;
r=count_er(train_y,train_y_hat)
 
test_y_hat=test_x*X;
r=count_er(test_y,test_y_hat)



function r=count_er(y,y_hat)
[v ind_y]=max(y');
[v ind_y_hat]=max(y_hat');
r=sum(ind_y~=ind_y_hat)/length(ind_y);


