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Introduction

• ..\課程教學計劃表2018.pdf



Classification

• Handwriting-digit recognition 
• Handwriting-character recognition 
• A function from a set of handwriting 

images to labels



classification by construction of 
mathematical functions

• mathematical functions 
• parametric mathematical functions 
• function domain 
• function co-domain





domain: a set of 280,000   
hw-digit images

0000000100



codomain

• {0,1,2,3,4,5,6,7,8,9}



codomain

• {0,1,2,3,4,5,6,7,8,9}

280,000   
hw-digit images



How to construct a function 

• How to construct a function for classifying 
280,000 handwriting digits ? 

• Extension: how to construct a function for 
classifying more than 580,000 
handwriting English-Letters ? 

• What is the function?
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Symbolic analysis 

• Symbolic differentiation 
• Symbolic integrations
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diff 

source codes

% input a string to specify a function 
% find its derivative 
ss=input('function:','s'); 
fx=inline(ss); 
ss=['diff(' ss ')']; 
ss1=eval([sprintf(ss)]); 
fx1=inline(ss1)

///ppt/slides/f_diff.m
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Function Derivation

• Input a function 
• Plot its derivative

% input a string to specify a function 
% plot its derivative 
ss=input('function of x:','s'); 
fx=inline(ss); 
x=sym('x'); 
ss=['diff(' ss ')']; 
ss1=eval([sprintf(ss)]); 
fx1=inline(ss1) 
x=linspace(-1,1); 
plot(x,fx(x),'b');hold on; 
plot(x,fx1(x),'r');

source code

///ppt/slides/f_diff2.m
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2nd derivative

source codes

>> f_diff3 
function of x:x.^3-2*x+1 
fx1 = 
     Inline function: 
     fx1(x) = 3.*x.^2-2 

fx2 = 
     Inline function: 
     fx2(x) = 6.*x

///ppt/slides/f_diff3.m
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Symbolic integration

>> x=sym('x'); 
>> int(x.^2+x+1) 

ans = 
  
1/3*x^3+1/2*x^2+x



Adavanced Numerical Computation 
2008, AM, NDHU

14

Symbolic integration

•  int(1/(1+x^2))           returns     atan(x)

Symbolic integration

http://134.208.26.17/webmagic1.html
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Numerical methods

• Integration and differentiation 
• Polynomial interpolation 
• Linear system 
• Nonlinear system 
• Spline  
• Initial value problem
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Dimensionality and nonlinearity
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Linear Nonlinear

Single variable Line fitting Polynomial fitting 
spine

Multiple 
variables

Linear system Function 
approximation
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Interpolation

Nonlinear function of Single variable
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Given A and b, find x

Ex.

Linear system
Linear relation of multiple variables 
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inv

A=[1 2 3;3 2 1;1 0 1]; 
inv(A)
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• Quadratic spline 

• Cubic spline 

• Natural cubic spline 

• B-splines

Approximation by spline functions

Nonlinear function of Single variable
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Pseudo inverse

• pinv 
• Left-division
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Least square methods

• Line fitting 
• Hyper-plane fitting 
• Nonlinear approximation
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Line fitting



Adavanced Numerical Computation 
2008, AM, NDHU

24

Smoothing and the least square method
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Hyper-plane fitting
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Linear projection

2121111
xaxay +=

211
32 xxy +=
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Solving nonlinear systems

Iterative approaches 
Newton’s method 
The steepest descent method
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Iterative approach

• Iterative approach  
• Random guess  
• Refine current solution iteratively 
• Convergence 
• Computational complexity

28
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Control flow

•  

29

Not HC(x)

Initialize x

Refine x

exit
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• While looping 
• HC(x) : halting condition 
• Refining rule : improve current feasible 

solution according to criteria defined for 
problem solving

30
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Example: Nonlinear system
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Initial Value Problem for ODEs  



Data Clustering

• K-means 
• Annealed K-means 

http://134.208.26.59/MathProgramming2010/Lecture8/Math2013-Lecture10III.pdf


Parallel and distributed processes

• Matlab - Parallel and distributed 
processes

http://134.208.26.59/ADNU/20180709-TSP%20with%20parallel%20computing.pdf
http://134.208.26.59/ADNU/20180709-TSP%20with%20parallel%20computing.pdf
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  Function  Approximation

Multiple input variables 
Nonlinear mapping from domain to 
range

35
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tanh

211 32)2,1( xxyxxf +== 212 32)2,1( xxyxxf −==
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Two post-nonlinear projections

)32tanh()32tanh()2,1( 2121 xxxxxxf −++=
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Intelligence computations

• Neural networks 
• Machine Learning 
• Data analysis 
• Numerical computations
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Function Approximation

• Function Approximation 
• Rd   to   R 
• Levenberg-Marquardt (LM) learning 
• MLP(Multilayer perceptrons) networks 
• MLPotts(multilayer Potts perceptrons) 

networks 
• Radial Basis Function 
• General Perceptrons 
• Modular NRBF neural networks
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Function approximation
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One-dimensional function approximation
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LM learning for MLP 

Two-dimensional Function Approximation
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NNSYSID (2001)

• The NNSYSID Toolbox  
• Implementation of learning MLP networks 

by the LM method

http://www.iau.dtu.dk/research/control/nnsysid.html
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Learning MLPotts networks 

Two-dimensional function approximation 
by learning MLPotts networks  
(Wu 2008)
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Approximating Gabor function

Learning generalized adalines (Wu et al 2006)
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Learning gadaline networks 

Approximating Gabor function
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)(zy

Sinusoidal function approximation

Learning gadaline networks (Wu et al 2006)





(a)

(b)

(c)

(d)Figure 6



(a)

(b)
Figure 8



Figure 9



Figure 10
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Recursive function approximation

• Time-arrow data analysis 
• Learning recurrent MLP networks 
• Learning recurrent MLPotts networks
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Recursion

•  

54
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50-step-look-ahead long term predictions of Mackey-Glass 17 data
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Figure 11

(a)

(b)



0 500 1000 1500
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Mackey-Glass 30 data

800 805 810 815 820 825 830 835 840 845 850
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

50-step-look-ahead long term predictions of Mackey-Glass 30 data

Figure 12



Adavanced Numerical Computation 
2008, AM, NDHU

57

Robot arm control
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Pen writing recognition
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Advanced Intelligence Computations
• Function decomposition 
• Covariance matrix analysis (Wu & Lin S.H. 2011) 
• Inverse neural systems (Wu & Lin I.L. 2012) 

• One-to-many function approximation 
• Automata embedded neural systems (Wu & Chen J.Q. 

2012) 
• Function integration 
• Density support approximation  
• Density function approximation 



(a)

(b)

(c)

(d)Figure 6
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Covariance Matrix Analysis

73



Function approximation v.s One-to-many 
mapping



• P=2,k=25 
• 2 tanh function 
• mse=0.0022



• P=2,k=25 
• 2quadratic function 
• Mse=0.0089



One-to-many function approximation to 
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Approximating functions





Approximating functions
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2-type deterministic transition



3-type deterministic transition



2-type Stochastic transition



3-type Stochastic transition
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Differential function approximation

• Neural Networks

89
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Unsupervised Data Analysis 

• No time-arrow 
• Unsupervised data analysis 

• Topological and statistical Analysis 
• 2D sorting 
• Data clustering 

• Density function approximation 
• Reconstruction of generative models
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Clustering analysis

Find data clusters
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Rotated distributed clusters
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Deformable gridding
Place a lattice to structure distributed clusters
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Self-organization
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• Goodness-of-fit 
• Objective functions 
• Global minima versus Local minima

97
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Neurocomputing: Learning, Architectures 
and Modeling

https://www.novapublishers.com/catalog/product_info.php?products_id=21112
https://www.novapublishers.com/catalog/product_info.php?products_id=21112
https://www.novapublishers.com/catalog/product_info.php?products_id=21112
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Rotated distributed clusters

Data structure: 
Local means 
Rotation matrix
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Density function approximation

• Unbounded non-kernel space 
• Model based DFA 

• Bounded non-kernel space 
• Boundary  approximation 
• DFA within bounded non-kernel space

100
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1
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Multiplexer

A generative model for Gaussian mixtures  



Adavanced Numerical Computation 
2008, AM, NDHU

102

Density estimation

Density estimation by weighted Parzen windows
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Example : Distributed clusters

Different rotating matrices 
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Example: Distributed columns
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Density estimation
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Rotated distributed columns
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a

b

Example: Distributed clusters
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Density estimation
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Distributed clusters



Model based density function approximation

• Generative model 
• A stochastic mechanism for data generation 

• Reverse engineering 
• Generative model for emulating data 

formation 
• Model fitting for adapting bulit-in parameters



dataGenerative model

Forward data generation

Backward parameter estimation
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Gaussian Mixture Generative model

Wu 2002 
Wu & Lin 2002
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Analysis of Natural images
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Generative models of natural images

Local means
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Constrained optimization

• TSP 
• Sudoku 
• Magic square, Rubik's Cube 

http://tw.dictionary.yahoo.com/search?ei=UTF-8&p=Rubik%27s+Cube
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Traveling salesman problems

Planar data  
ordering on a ring
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Sudoku
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Sudoku
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Sudoku
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Rubik’s Cube

• Rubik's Cube - Wikipedia, the free 
encyclopedia 

• MATLAB Central File Exchange - Rubix 
Cube

http://en.wikipedia.org/wiki/Rubik's_cube
http://en.wikipedia.org/wiki/Rubik's_cube
http://www.mathworks.com/matlabcentral/fileexchange/loadFile.do?objectId=8461&objectType=FILE
http://www.mathworks.com/matlabcentral/fileexchange/loadFile.do?objectId=8461&objectType=FILE
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Blind source separation

• Independent component analysis 
• Convolutive ICA 
• Sound separation 
• Fetal ECG extraction 
• ERP  
• Functional MRI
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Independent component analysis  

Rotated independent data
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BSS

Blind source separation – fetal ECG
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sources

mixed images

AemICA

JadeICA

Mixed Facial images

Wu et al 2008
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N1 N2

P3

P2

ERP(event related potential)
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Figure 12

N1 N2
P2

P3

ICs of ERP (Wu et al 2008)
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 music and speech

Blind source separation by convolutive ICA
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Convolutive mixtures
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Recovered sources
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rsm2_mA.wav

rsm2_mB.wav

Recording of two microphones



Adavanced Numerical Computation 
2008, AM, NDHU

144

ic_a1.wav

ic_b1.wav

BSS 
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Classification (Discriminate analysis)
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Example : DA
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Classification- Face detection
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Classification- Face detection
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Classification- Face detection
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Classification- Face recognition 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FNA細胞樣本

A camera  
on a Microscope

Feature extractor

Breast Cancer 
Diagnosis

Benign 
Or  
Malignant

Features: 
clump thickness 
uniformity of cell size 
uniformity of cell shape 
marginal adhesion 
single epithelial cell size 
bare nuclei 
bland chromatin 
normal nucleoli and mitoses

Classification – breast cancer diagnosis 


