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Nonlinear function approximation

o Given samples from a high-dimensional nonlinear
single-valued mapping, the goal is to optimize
adaptable parameters for faithful approximation

J= Fxlo,)

Optimal network
parameters

An adaptable
network mapping



CDFA(Chaitic differential FA) : Mackey-Glass 17

0X ax(t—7) _ bx(t)

ot 1 +X(t—7)
r=17,a=02,c=10and b=0.1

M. Mackey, L. Glass, Oscillation and chaos in physiological control systems, Science
197 (1977) 287.



Mackey-Glass 30

0X ax(t—7) _ bx(D)

ot 1 +X(t—7)
r=30 a=0.2,c=10and b=0.1




CDFA: Nonlinear delay differential

X 3
E_x(t—z')—x (1—71),

where the delav 7 i1s set to 1.6.

J.C. Sprott, A simple chaotic delay differential equation, Phys. Lett. A 366
(2007) 397-402.




Chaotic differential function approximation
using Multilayer N rural Networks

e Cechin, Pechmann, Oliveira, Chaos
Solitons Fractal (2008)

o Mirzaee, Chaos Solitons Fractal (2009)

» Moody, Darken, Neural Computation
(1989)

e Lin, Horne, Tino, IEEE Trans. Neural
Netw. (1996)




CDFA: goal and methodologies

o Goal

o Long term look-ahead prediction
» Methodology

e Data driven approaches

o Recurrence relation modeling

o Supervised learning of multilayer
neural networks




Data driven long-term prediction

» MG(Mackey—-Glass) 17 generated by
RK(Runge-Kutta) 4
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Nonlinear Recurrent Relation Modeling

based on nonlinear function approximation

FB (X; O1) \
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MNN:Projective basis functions

o Multilayer perceptrons, Rosenblatt
(1962),

 Adalines, Widrow (1962)

o Multilayer Potts perceptrons, Wu (2008),
IEEE NN

e Generalized Adalines, Wu, Hsu & Lin,
(2006), IEEE NN
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Perceptrons

*Rosenblatt (1962), Widrow (1962)
*Post-tanh (sigmoid-like) projection

v=tanh(h=ax +a,x,+...+a,x, +b)

h

2




MNN: Radial basis functions

Radial

B8asIS

—unction) Network

y(t]9)=G(x[z]]9)

=W, + Ew exp( ” ,

um||
O'

m

Network parameter
0= {Wi}i U {Hi}i U {Oi}i
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Mahalanobis-RBF

Neural Comput. 2002 Mar;14(3):689-713.

Natural discriminant analysis using interactive Potts models.
Wu JM.

Abstract

Natural discriminant analysis based on interactive Potts models is developed in this work. A generative model composed of
piece-wise multivariate gaussian distributions is used to characterize the input space, exploring the embedded clustering
and mixing structures and developing proper internal representations of input parameters. The maximization of a log-
likelihood function measuring the fitness of all input parameters to the generative model, and the minimization of a design
cost summing up square errors between posterior outputs and desired outputs constitutes a mathematical framework for
discriminant analysis. We apply a hybrid of the mean-field annealing and the gradient-descent methods to the optimization
of this framework and obtain multiple sets of interactive dynamics, which realize coupled Potts models for discriminant
analysis. The new learning process is a whole process of component analysis, clustering analysis, and labeling analysis. Its
major improvement compared to the radial basis function and the support vector machine is described by using some
artificial examples and a real-world application to breast cancer diagnosis.

PMID: 11860688 [PubMed]
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Mahalanobis-RBF

y(t]9)=G(x[z]]9)
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Mahalanobis-NRBF modules
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ABSTRACT

This work explores annealed cooperative-competitive learning of multiple modules of Mahalanobi
normalized radial basis functions (NRBF) with applications to nonlinear function approximation an
chaotic differential function approximation. A multilayer neural network is extended to be compose:
of multiple Mahalanobis-NRBF modules. Each module activates normalized outputs of radial basi
functions, determining Mahalanobis radial distances based on its own adaptable weight matrix. Al
essential cooperative scheme well decomposes learning a multi-module network to sub-tasks of learnin
individual modules. Adaptable network interconnections are asynchronously updated module-by
module based on annealed cooperative-competitive learning for function approximation under
physical-like mean-field annealing process. Numerical simulations show outstanding performance c
annealed cooperative-competitive learning of a multi-module Mahalanobis-NRBF network for nonlinea
function approximation and long term look-ahead prediction of chaotic time series.

© 2014 Elsevier B.V. All rights reservec
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Mahanobls-N RBF(Normallzed

@ exp(— fhm)

v %vm = ¢m(x) — ZjEXP(—ﬂhj)'
P Y )

2 . )
_HX_WIHA "t —Hx—meAZ . _HX_WMHi Fﬂ(x, 0) =Vr

‘ = %:rm¢m(x),




A network of multiple Mahalanobis-NRBF modules

-~ F(x0)

XgFﬁ(X;Ok) D

TR (x50,)

Figure 3



Mahalanobis-NRBF modules

» A generative model for paired predictors
and targets

» Model-based Mahalanobis-NRBF module
e Annealed competitive learning

o A network of multiple Mahalanobis-NRBF
modules

» Annealed competitive-cooperative
learning

21



A generative model

Paired
Training
Data

p(X|W19A)9Q(y | 7”1,1)

p(x|w,,A),q(y|r,,D)

p(X|WM9A)9Q(y|rM91)




A sub-model

share a common
weight matrix

Pm(X) = p(X|Wp,, A)
T
B 1 exp (_(x—wm) A(x—wm)),

@2\ /|IA~ 1) 2
and

1 —Tm)?
=Eexp<w u )>, 2)

Paired normal random variables

(D

23



An exclusive membership to joined Gaussians

‘ Minimal distance to the

rn>x< — arg mln hm local mean
m

— Maxima
arg mn?x Pm(X) probability

_ 2
hm=I1X—Wp 15

— (X—Wp) AX—wW,,).

24



Exclusive membership

A unitary vector

of binary elements
with the mth bit one
and others zero

T . =
5=(519“'35M) N :M:{em}m
membership ¢ of X is encoded by e

m* = arg min hy,
m

= arg max pp,(X)

25



Conditional expectation of r to x

o <r|x> Target

Predictor

Fx:0)=8"r

F(x; 0) — Z5mrm



Overlapping membership of x

V=1,...,v)! €[0, 1

Vm oC eXp( _ﬁhm)a




zvm — 19
m

it follows

exp(— fhm)
Y.iexp(—phj)

Vi = qu(x) —




Model-oriented Mahanobis-NRBF
module

Fpx;@)=v'r

— %Tm ¢m (X),
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Learnlng a Mahalanobis-NRBF

e Supervised Learning subject to paired
training data

o Model fitting to paired training data

o Exclusive memberships and Potts
encoding

e Fitting individual sub-models

30



Annealed competitive learning

o Mathematical framework
* A mixed integer programming
e Annealed KLD minimization

* A mixed energy function is not differentiate
with respect to discrete variables

e Boltzmann assumption under thermal
equilibrium

e Annealed Kullback-Leibler Divergence
minimization

o Atractable free energy function

31



A mixed energy function

Discrete Continuous

_ _ Mean square
variables variables

approximating
error
model fitting
criteria

E(A, 0) =uE1 +AE,

1 N A
= zzz&'m (Xi — W)  AX; — W) — jlog Al + EZZ&m ('m =Y,
1 m im

7 4 NN\

where A is non-negative and A denotes collection of exclusive
memberships. Minimizing E subject to constraints,

Zéim =1, Vi,
m
5im € {09 1}9 vz: m)

32



design cost

Ds(H)—— Z ly; — F(x;; 0)|1°

1_1

F(x;:0) =

F(X;0) =Y 0mrm



Boltzmann distribution

Pr(A) oc exp(— fE(A|0)),

Fixed
continuous
variables

Inverse of a
temperature-like
parameter

34



A tractable free energy function

). U0) = E(AYO)+ EE Gt~ 5% In( 3 exp(um) ). (13)

where (0;,,) denotes the mean of 9;,, and u denotes collection of
auxiliary variables u;;,.

KLD( Bullback-Leibler Divergence)

A ratio between the joint probability and the
product of individual marginal probabilities of
discrete binary variables

35



Annealed competitive learning

" of KLD
oy

=0 foralli,m,

Annealed KLD minimization :

Tracking the saddle point of KLD along a
physical-like annealing process that
schedules the temperature-like parameter
from sufficiently high to low values

Wu and Hsu, Neuorcomputing 2011
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Interactive Dynamics

| | Discrete
e Mean Field Equations  variables

o oE B 1 | T | A -
Uim = —a<5im>_ _i(xl_wm) A(xl—wm)—i(rm —yi)

exp(fuim)

Sim) = .
\im) Yexp(fuy)

37



Updating rules

o Setting zero to oy /ow,,, oy /0A,, and oy /or,

W, — Y i{Oim)Xi
> i{Oim) Continuous
A1) variables
N Y.i{Oim)Yi
T Y 6im)

where the element in matrix B is defined by

1
Bu = NZanX&m)(Xia — Wma)(Xip — Wmp).

38



Appendix B. A procedure for annealed competitive learning
_

1 Set f sufficiently small, @ near and less than one, A positive,
A=0.01 xI, and

1 1 1
W =52Xi,  Oim)=pp  Tm=52Vi
1 1

N

If y is less than a pre-determined threshold, apply small
random perturbations to all (9;;,).

Update all (0;,) by (14) and (15).

Update all w,,, by (16).

Update A by (17).

. Update r,;, by (18).

7. p<p/a.If y is close enough to one, halt, otherwise go to step 2.

SO



optimal [3

ﬁopt = dI'g n;lrn DS,,B(H)a

where

1
Ds 5(0) =52 1lyi — Fp(Xi: O)]1°.




Annealed cooperative—
competitive learning of multiple
Mahalanobis-NRBF modules




A network of K Mahalanobis-NRBF modules

G(X) = YF4(x: 0.
Kk

| Fp(x50,)

X -| Fy(x;0,)

| Fp(x50,)

Adaptable
parameters
in the kth
module
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Special cases

1. When K >1 and M =1, the denominator in (9) is ignored. In
the occasion, G reduces to the mapping of a 3-layer RBF
network explored in [23,24], where each hidden unit deter-
mines its external fields based on its own weight matrix, but
the outputs of hidden units are not normalized.

2. When M=1 and Ay =1/0¢ for all k, G reduces to define the
input-output relation of typical RBF networks explored in
16,8,9,25], where outputs of hidden units are not normalized
and radial basis functions adopt Euclidean distances.

43



®

3. For K=1 and M > 1, G reduces to Fg (10) that defines the
mapping of a Mahalanobis-NRBF module, where external fields
to hidden units are in terms of Mahalanobis distances based on
a common weight matrix and all hidden units respond normal-
ized activations.

4. When K=1 and A =1/0?, G reduces to characterize normalized
RBF networks explored in [7,26-30]|, where external fields to
hidden units are based on Euclidean distances.

-

44



Annealed cooperative—competitive learning

An individual module
Yilll = Fp(xi; 6)). output

As in [36], a local target, denoted by y;[k] for module k, is set to

compensate for the error of approximating y; by the sum of the
other K—1 modules, such as

yilkl=y;— ¥ yill Cooperative (22)
[ #k mechanism of
learning individual
modules

Local target of an
individual module

45



_I Appendix C. A procedure for annealed cooperative-

competitive learning

1. Input all (x;,y;), and set f sufficiently small, @ near and le:
than one and 0, to 0, for all k.
2. Determine y,, for each k. If the mean of all y, is greater than
predetermined threshold, halt.
3. Execute the following steps for each k asynchronously.
(a) Calculate y;[k] by (22) for all i.
(b) Employ {(x;,y;[k])}; to update all wy,, r,,, and A in 6,.
(i) Update {(0;;)} by (14) and (15).
(i1) Update all w,, by (16).
(ii1) Update all A, by (17).
(iv) Update all r,,, by (18).
4. <[ /a. Go to step 2.

46



Nonlinear function
approximation
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Table 1
Target functions.

f1(X) = sin (X1 +Xx2)

f2(X) = X% +x3

f3(x)=0.5x5 —0.9x5

fa(X) = exp(—0.05x% —0.09x5)

fs(Xx) = sin([1, —1]'x)+exp(—xTAx)

fe(X) = tanh(0.8x7 +0.2x,)+ sin (0.3x; —0.9x5)
f7(X)=0.5sin (X1 +x2)+0.2x; —0.2x;

fe(X) =exp(—(X—w;) AX—wW;))+exp(— (X —w;) B(x—wy))

fo(X)=fg(X)+0.5 sin(x; +0.3x5)+0.5 sin(0.2x; —0.8x5)
f10(X) = sin (X1 +X3 +X3)+ €COS (X1 +X2 +X3)
f11(%) = tanh(x1 +X2 +X3 +X4)




NREBF(3) by annealed FE
NRBF(6) by annealed FE
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Fig. 5. Mean square testing errors of annealed competitive learning (blue curve)
and the Rdtsch method (red curve) in approximating f; versus the numbers of
hidden units. (For interpretation of the references to color in this figure caption, the
reader is referred to the web version of this paper.)



Table 2
Quantitative performances of the five relevant methods in approximating the first four target functions.

Mean square error

Mahalanobis-NRBF Euclidean-RBF Euclidean-RBF MLP
(K=1, M=41) (Ratsch, M=41) (LM, M=41) (LM, M=41)
Training
fi 34e—-5+0 l4e—-2+11e-5 1.8e—3+9.5e—7 9.6e—5+82e—-9
f 1.2e—3+4.5e—-7 41e—1+4.7e-3 1.4e0+ 2.5e—1 23e—-2+49e-5
f3 1.0e—3+34e—-7 8.5e—2+2.0e—4 22e—1+11e-3 49e—-3+1.6e—6
fa 27e—-3+0 25e—-3+0 27e-3+0 34e—-3+12e-7
Testing
fi 74e—-54+0 23e—-2+3.0e-5 6.4e—3+49e-6 1.8e—3 +11e-5
f 40e—3+46e—6 1.7e0 + 7.3e -2 6.0e0 + 3.1e0 34e—-2+28e—4
fa 1.5e—-3+6.5e—7 1.2e—1+22e—-4 6.2e—1+11e-2 70e—-3 +84e—6
fa 3.7e-3+0 43e-34+0 41e—-3+0 4.0e—-3+29e—-7
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Mean square error

Mahalanobis-NRBF
(K=1, M=41)

Euclidean-RBF
(Rdatsch, M=41)

Training

f
f2
f3
fa

Testing

f
f
f3
fa

34e—-5+0
1.2e—-3+45e—-7
1.0e—-3 +3.4e—7
2.7¢e-3+0

74e—-5+0
40e—-3+46e—6
1.5e—-3 +6.5e—7
3.7e—-3+0

l4e—-2+11e-5
41e—1+4.7e—-3
8.5e—2+2.0e—4
25e—-3+0

23e—2+3.0e—5
1.7e0 +73e—-2
1.2e—-1+2.2e—-4
43e—-3+0
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Table 3
Quantitative performances of the relevant methods for approximating fs—fs.

Mean square error

Mahalanobis-NRBF
(K=2, M=41)

Euclidean-RBF
(Rétsch, M=41)

Euclidean-RBF
(LM, M=41)

MLP
(LM, M=41)

MLP
(BP, M=41)

Training
fs
f
f7
fs

Testing
fs
fe
f
fs

1.0e-5+0
1.7e-5+22e—-11
41e-5+0
4.0e-7+0

24e—-4+ 1.6e—-7
6.3e—-5+4.2e-10
43e—-4+42e—-8
24e—-6+0

1l4e—-2+1.6e-5
1.5e—3 +53e-8
27e—-3+17e-7
54e—-6+0

28e—-2+34e-5
3.0e—-3 +5.6e—7
45e—-3+9.5e-7
74e—-6+0

44e—-3+39e—-6
58¢e—4+48e—8
31e—-3+34e-7
l4e—-4+0

1.9e-2+6.8e—-5
1.2e—-3+13e-7
92e—-3+91e-7
28e—4+1.6e-9

1.5e—-3+41e—-6
32e—-4+92e-9
1.3e—-3+79e-7
6.9e—-5+53e—10

22e—-3+64e—-6
42e—-4+1.7e—8
27e—-3+52e—-6
1.0e—4+4.9e—-10

98e—2+12e-2
3.5e—-2+58e—-6
lle—1+24e-5
1.9e—-3+1.6e—-7

1.3e—1+18e-2
49e—2 +8.4e—6
12e—1+18e-5
22e—3+54e—-7
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Mean square error

Mahalanobis-NRBF

Euclidean-RBF

(K=2, M=41) (Rdatsch, M=41)

Training

fs 1.0e-5+0 14e—-2 + 1.6e—-5

fe 1.7e-5+2.2e—11 1.5e—-3+53e—-8

f7 41e-5+0 27e-3+1.7e-7

fs 40e—-7+0 54e—-6+0
Testing

fs 24e—-4+ 1.6e—7 28e—-2+34e-5

fe 6.3e—5+4.2e—-10 3.0e—-3+56e—-7

f7 43e—-4+42e—-8 45e—-3+95e—-7

fs

24e—-6+0

74e—-6+0
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NREF by annealed FE leaming
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NREF by annealed FE leaming

Figure 6
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Chaotic differential function
approximation




0X ax(t—7) _ bx(D)

ot 1 +X(t—7)
r=17,a=02,c=10and b=0.1




R (x0)
@ X F . 0 Vi+1]
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Data driven long-term prediction
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Approach mses, mses, D(5)0
2
mean + var mean + var mean + var min
Mahalanobis-NRBF modules (K=3) 468e—7+0 2.22e-6+0 5.00e—-3+1.77e-5 2.18e-3
MLP-LM (8) 5.22e—-5+3.51e—-10 6.20e—5+6.77e—10 4.08e—2+2.92e-5 2.95e—-2
MLP-LM (15) 4.61e-5+0 5.31e—-5+151e—-10 4.28e—2+1.07e—4 3.19e-2
RBF (Ratsch, M=30) 892e—-5+241e—9 7.10e—5 +2.06e—9 5.51e—2+ 1.13e—4 2.30e-2
Table 5
The performances of the three relevant methods for n,-step-look-ahead long term predictions with n, ranging from 50 to 200.
Approach b3 D D D D
Mahalanobis-NRBF modules (K = 3) 2.18e—-3 2.436e-3 3.44e-3 5.80e—-3 5.78e—-3
MLP-LM (8) 2.95e—2 717e-2 1.52e—1 2.15e—1 2.51e—1
MLP-LM (15) 3.19e-2 6.44e -2 1.49e -1 212e-1 2.49e-1
RBF (30) 2.30e—-2 3.54e -2 6.66e —2 1.21e-1 1.82e—1
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13 50-step-look-ahead long term predictions of Mackey-Glass 17 data
. . : : - - . -
1.2+ - - Y -
117 b I AN E
i | R 7 -1 correlation
e P T 1 coefficient
0.8 ‘ . - _
| / 0.9999
0.7 + -o e © | —
0.6 A L ! . .
05 Y -
0.4 : : - . . . . : =
500 505 510 515 520 525 530 535 540 545 550
1.3 200-step-look-ahead long term predictions of Mackey-Glass 17 data
. T . “ T T .. T . T .. T T T .
* . . [ | . . f 4
12} . ? s b .‘ . f ? -
I b4 2 | ‘ . 1 4 T - P b 4 - .
> id To » | T T - ? - \ id ‘ i \
11F \ % . " o
‘ - ‘ ‘Q ‘ ? . g f‘ e | . ‘.. : . r
| » . [ | s g L4 \d | -
1+ AR AN JR ° ol L] Ll ] :_
‘ T ‘ . | | LY vt ‘ ‘ L~ | L T NRt ? e
lati OOLLITT 7 ' ! il RIRIREE 1
Corre a |0n e ‘ °. . o | T. ‘
B ~F 0.8} . T ‘ T . i -
coefficient Bimal n | | A
. . d .
0.9993 07k ot T RN R R 10
l 4 & * £ 9 ¢ | .
- L To
‘ < - - |
0.6} ' . . T * ]
. ! L1 L |
. ; .
0.5 e . . |
. . .
0.4 : :
'500 520 540 560 580 600 620 640 660 680 700



Mackey-Glass 30
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CDFA: Nonlinear delay differential

X 3
E_x(t—z')—x (1—71),

where the delav 7 i1s set to 1.6.

J.C. Sprott, A simple chaotic delay differential equation, Phys. Lett. A 366
(2007) 397-402.
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Table 6
Quantitative performances of learning multilayer neural networks for data driven forecasts of chaotic time series oriented from the delay differential equation (27).

Approach mses, mses, Dg22

mean + var mean + var mean + var min
Mahalanobis-NRBF modules (K=3) 3.0e—6+0 70e—-6+0 1.3e—2+1.0e—-4 4.4e -3
MLP-LM (8) 48e—4+95e—-8 53e—4+1.0e—-7 1.7e—-1+17e-2 2.7e-2
MLP-LM (15) 8.4e—5+4.0e—-9 58e—-5+1.0e—-9 33e—2+3.6e-4 1.2e-2
RBF (Ratsch, M=30) 1.5e—-3+73e-8 1.7e—3+3.5e-7 1.0e—1+3.4e—-4 7.3e—2
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Conclusions and discussions
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 Numerical simulations have shown
annealed cooperative— competitive
learning of the proposed multi-module

Mahalano- bis-NRBF network effective
and reliable for nonlinear function
approximation and long term prediction of
chaotic time series.
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o The reliability and effectiveness of the
proposed approach for nonlinear and
chaotic differential function approximation

relies on the success of annealed
compe- titive—cooperative learning of
multiple Mahalanobis-NRBF mod- ules,
which introduce a system of manifold
Mahalanobis distances
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o In architecture, the proposed multi-
module Mahalanobis-NRBF network
spans a general functional scope well

covering most existing networks of radial
basis functions.
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