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Nonlinear function approximation
● Given samples from a high-dimensional nonlinear 

single-valued mapping, the goal is to optimize 
adaptable parameters for faithful approximation

Optimal network 
parameters

An adaptable 
network mapping
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CDFA(Chaitic differential FA) : Mackey-Glass 17 



●  

M. Mackey, L. Glass, Oscillation and chaos in physiological control systems, Science 
197 (1977) 287.
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Mackey-Glass 30

●  

30
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CDFA: Nonlinear delay differential 
equations

●  

J.C. Sprott, A simple chaotic delay differential equation, Phys. Lett. A 366 
(2007) 397–402.
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Chaotic differential function approximation 
using Multilayer N rural Networks 

● Cechin,  Pechmann, Oliveira, Chaos 
Solitons Fractal (2008) 

● Mirzaee, Chaos Solitons Fractal (2009) 
● Moody, Darken, Neural Computation 

(1989) 
● Lin, Horne, Tino, IEEE Trans. Neural 

Netw. (1996)
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CDFA: goal and methodologies 

● Goal 
● Long term look-ahead prediction 

● Methodology 
● Data driven approaches 
● Recurrence relation modeling 
● Supervised learning of multilayer 

neural networks



9

Data driven long-term prediction

● MG(Mackey–Glass) 17 generated by 
RK(Runge-Kutta) 4

200-step-look-ahead prediction.

Prediction of 
instances  
at step 500-700



10

Nonlinear Recurrent Relation Modeling 
based on nonlinear function approximation 
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MNN:Projective basis functions

● Multilayer perceptrons, Rosenblatt 
(1962), 

● Adalines, Widrow (1962) 
● Multilayer Potts perceptrons, Wu (2008), 

IEEE NN 
● Generalized Adalines, Wu, Hsu & Lin, 

(2006), IEEE NN
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RBF(Radial Basis Function) Network

MNN: Radial basis functions



14

Previous works for  RBF networks 
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 Mahalanobis-RBF 

http://www.ncbi.nlm.nih.gov/pubmed/11860688
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Mahalanobis-RBF 

A
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Mahalanobis-NRBF modules

http://www.sciencedirect.com/science/article/pii/S0925231214002252
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A network of multiple Mahalanobis-NRBF modules
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Mahalanobis-NRBF modules

● A generative model for paired predictors 
and targets 

● Model-based Mahalanobis-NRBF module 
● Annealed competitive learning 
● A network of multiple Mahalanobis-NRBF 

modules 
● Annealed competitive-cooperative 

learning



Flip 
Coin

)1,|(),,|( 11 ryqp Awx

)1,|(),,|(
mm
ryqp Awx

)1,|(),,|( MM ryqp Awx

1
π

m
π

M
π

),(
ii
yx

…

…

…

…

A generative model

Paired 
Training 
Data



23

A sub-model

Paired normal random variables

share a common 
weight matrix
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Minimal distance to the 
local mean 

An exclusive membership to joined Gaussians

Maximal 
probability 
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Exclusive membership

in

A unitary vector 
of binary elements  
with the mth bit one 
and others zero 
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Conditional expectation of r to x

●  < r | x > 

Predictor 

Target 
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Overlapping membership of x

●  
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Model-oriented Mahanobis-NRBF 
module 
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Learning a Mahalanobis-NRBF 
module

● Supervised Learning subject to paired 
training data  

● Model fitting to paired training data 
● Exclusive memberships and Potts 

encoding  
● Fitting individual sub-models
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Annealed competitive learning



● Mathematical framework 
● A mixed integer programming 

● Annealed KLD minimization 
● A mixed energy function is not differentiate 

with respect to discrete variables 
● Boltzmann assumption under thermal 

equilibrium  
● Annealed Kullback-Leibler Divergence 

minimization 
● A tractable free energy function 
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A mixed energy function

●  
Mean square 
approximating 
error

model fitting 
criteria

Continuous 
variables

Discrete 
variables 
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design cost

●  
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Boltzmann distribution

Inverse of a 
temperature-like 
parameter

Fixed 
continuous 
variables 



KLD( Bullback-Leibler Divergence) 
A ratio between the joint probability and the 
product of individual marginal probabilities of 
discrete binary variables

35

A tractable free energy function
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Annealed competitive learning

A saddle point 
of KLD 

Annealed KLD minimization : 
Tracking the saddle point of KLD along a 
physical-like annealing process that 
schedules the temperature-like parameter 
from sufficiently high to low values 


Wu and Hsu, Neuorcomputing 2011
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Interactive Dynamics 

●  Mean Field Equations
Discrete 
variables 



38

Updating rules

●  Setting zero to 

Continuous 
variables
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optimal β 

●  



Annealed cooperative–
competitive learning of multiple 
Mahalanobis-NRBF modules

41
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A network of K Mahalanobis-NRBF modules

●  
Adaptable 
parameters 
in the kth 
module 
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Special cases

●  
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●  
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Annealed cooperative–competitive learning

●  
An individual module 
output 

Local target of an 
individual module

Cooperative 
mechanism of 
learning individual 
modules
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Nonlinear function 
approximation

47
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Figure 4



Figure 5
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Chaotic differential function 
approximation

57
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●  
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Data driven long-term prediction

● MG(Mackey–Glass) 17 generated by 
RK(Runge-Kutta) 4

200-step-look-ahead prediction.
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correlation 
coefficient 
0.9999

correlation 
coefficient 
0.9993
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Mackey-Glass 30

●  

30



0 500 1000 1500
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Mackey-Glass 30 data

800 805 810 815 820 825 830 835 840 845 850
0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

50-step-look-ahead long term predictions of Mackey-Glass 30 data

Figure 11

correlation 
coefficient 
0.999



66

CDFA: Nonlinear delay differential 
equations

●  

J.C. Sprott, A simple chaotic delay differential equation, Phys. Lett. A 366 
(2007) 397–402.
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Conclusions and discussions

68
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● Numerical simulations have shown 
annealed cooperative– competitive 
learning of the proposed multi-module 
Mahalano- bis-NRBF network effective 
and reliable for nonlinear function 
approximation and long term prediction of 
chaotic time series.
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● The reliability and effectiveness of the 
proposed approach for nonlinear and 
chaotic differential function approximation 
relies on the success of annealed 
compe- titive–cooperative learning of 
multiple Mahalanobis-NRBF mod- ules, 
which introduce a system of manifold 
Mahalanobis distances
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● In architecture, the proposed multi-
module Mahalanobis-NRBF network 
spans a general functional scope well 
covering most existing networks of radial 
basis functions. 


